Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



THE 



ELEMENTS 



OP 



ALGEBRA 



BT 



ARCH? MONTGOMERIE, 



TEACHER OF HATHEHATICS, ETC. IN AYR ACADGHY 




EDINBURGH : 

PUBLISHED POB THE AUTHOB, BY 

OLIVER & BOYD, TWEEDDALE COURT 

SIMPKIN, MARSHALL, & CO., LONDON. 

1857. 



/// c, /^^. 



EDINBURGH : 

PRINTED BY OLIVER AND BOYJU, 

TWEEDDALE COURT. 



PREFACE. 



The following pages have been compiled chiefly for the use 
of the Author's own Classes, and it has been his object to 
supply a useful and sufficiently comprehensive elementary 
work at as moderate a price as possible. With this view, 
the long and somewhat abstract demonstrations of the Rules 
and Principles employed in the Fundamental operations have 
been omitted, partly because they may be much better given 
orally, as circumstances require, and partly because they are 
totally unintelligible to a pupil of ordinary capacity until he 
has acquired some practical knowledge of the operations 
themselves, and a certain degree of facility in performing 
them. Most of these demonstrations, however, the learner 
is afterwards required to supply himself| in the form of Ex- 
ercises, so as to cultivate his powers of analytical investi- 
gation, and train his mind to habits of correct thought. As 
the work progresses, and when the pupil may be supposed 
to be prepared for it, the Theoretic element is gradually in- 
troduced, and occupies the prominent place which it ought 
to do in every class-book. 

The Exercises have been carefully prepared and arranged ; 
some of them are selected from the best London and Cam- 
bridge works, and a considerable number from the Exami- 
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nation Papers for appointments to the Royal Artillery, and 
for admission to the Royal Military Academy at Woolwich. 
The greater part of these last hare been placed at the end 
of Chapter XIII., and will be found to be by no means so 
difficult as many of the others in that chapter. A thorough 
acquaintance with what is here giyen will therefore form, so 
far as Algebra is concerned, an ample preparation for these 
important Examinations, in which, as is well known, Mathe- 
matical science occupies the first place. 



ALGEBRA.. 



CHAPTER L 



DEFINITIONS. 

1. In Algebra, the quantities under consideration are ex- 
pressed by means of the letters of the alphabet. Known 
quantities are usually expressed by the first letters, as a, h, c, 
&c., and unknown quantities by the last, as a?, y, z. Some- 
times the letters of the Greek alphabet are employed, and 
sometimes also the capitals A, B, C, &c., according to cir- 
cumstances. 

2. The sign + {plus) is the sign of Addition, and denotes 
that the quantity to which it is prefixed must be added. 
Such quantities are called positive. 

3. The sign — {mirnis) is the sign of Subtraction, and 
denotes that the quantity to which it is prefixed must be 
subtracted. Such quantities are called negative. Thus, 
if a represent 7, and h, 3 ; then a + b represents 10, and 
a — 6, 4. 

Note. When no sign is prefixed, + is always understood. 

4. To denote the multiplication of quantities, the letters 
representing them are usually written in succession, as in a 
word. Thus ab denotes that the quantity represented by a 
ig to be multiplied by the quantity represented by b. In 
some cases a point, or the sign x {into) is used to denote 
Multiplication. Thus 2 . 3 . 4, or 2 x 3 X 4, denotes the con- 
tinued product of 2, 3, and 4. 

5. If the same quantity be repeated as a factor any num- 
ber of times, the product is called a power of that quantity. 
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When there are two factors, the product is called the second 
power ^ or square ; when there are three, the third power, or 
cube ; when there are four, the fourth power; and so on. 
Thus oa, aaa, aaaa, are respectively the second, third, and 
fourth powers of a. As, however, this notation would ob- 
viously be inconvenient, especially for the higher powers, it 
is usual to write the factor only once, placing above it, and 
a little to the right, a number to indicate how often it is 
repeated. Thus oa, aaa, aaaa, are written a^, a^, a^*^ and 
the numbers 2, 3, and 4, are called the indices of those 
powers. 

6. When one quantity is to be divided by another, the 
division is indicated by writing the dividend as numerator, 
and the divisor as denominator of a fraction ; or writing the 
divisor after the dividend, with the sign -f- between them. 

Thus the expression -, or a -^ 6, denotes that a is to be 

divided by h, 

7. The quantity a is called the second or square root of 
a^ ; the third or cube root of a' ; the fourth root of a*, Vnd 
so on : and the signs V, V? V^ &c., are used to denote the 
second, third, fourth, &c. roots respectively, of the quantities 
to which they are prefixed. These roots are also expressed 
by the fractions }, |, |, &c. used as indices. Thus the third 

root of a is written V«, or a^. 

8. When a number is placed before a quantity as a mul- 
tiplier, it is called the coefficient of that quantity. Thus in 
the expressions 3x, ctx] 3 and a are respectively the coeffi- 
cients of X : the first a numeral one, and the second a literal 
one. (In fact, coeflBcient simply means co-factor ; so that 
in the product ab, a is the coefiicient of 6, and b is the co- 
eflBcient of a.)* 

9. Like quantities are such as differ only in their coeflfi- 
cients : Unlike quantities consist of different combinations of 
letters. Thus Aax and Qax are like; but 4ax and Ga^a? are 
unlike. If 4a and 6a ^ be considered the coeflBcients of x, 
then 4 ax and 6a^x are like. 

10. A simple quantity consists of one term, as 4a, 6a*a;, 
&c. A compound quantity consists of more than one term, 
connected by the sign + or — . Thus a + 6, a+bx — 66^a;, 

• When no number is prefixed the coefficient 1 is understood. 
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and 4a4-2a5 — Sa^x — 4a6 6*a?, are compound quantities: 
the first is called a binomial, the second a trinomial^ and tlie 
third a polynomial, 

11. When any operation is to, be performed on a com- 
pound quantity, that quantity is enclosed in brackets, as 
( )»{}»[]• Thus (a — h) x oc indicates that the quan- 
tity a — 5 is to be multiplied by a?.* 

12. The sign = {equal to), placed between two quantities, 
indicates that the former is equal to the latter. 

13. The sign ;:^ {greater than), between two quantities, 
signifies that the former is greater than the latter ; and the 
sign .<£::: {hss than) that the former is less than the latter. 

EXERCISES ON THE DEFINITIONS. 

(1.) When a = l, 6 = 2, c=3, what is the value of each 
of the following expressions ? a + b+ c; — a + b + c, 
a — & + c; a + b — c; — a — & + c; — a+b — c; a — b — c; 
' — a — b — c. 

Ans. 6; 4; 2; 0; 0; —2; —4; —6. 

(2.) What do the same expressions become when a = 5 ; 
6 = 7; c = 9? 

Ans. 21; 11; 7; 3; —3; —7; —11; —21. 

(3.) If a=4, &=3, c=7, a?=5, find the value of each of 
the following quantities: 3a + x] 5a — 46 + 2a:; 12a + 56 
— 3c — 4a;; Bac — 46c + ca;; 2a6c — bcx; 2dbcx — acxx» 

Ans. 17; 18; 22; 35; 63; 140. 

(4.) If a = 6, 6 = 5, c =4, a: = 3, what is the value of each 

of the following expressions? 5ac-^2x; — ^ — ; — ^ — ; 

fab Sac + 4Ajc 2ab + ex 5ab — 2ca: 2ab-~-Sac + 4>ax 
3c 2c + x ' aA — ex ab -^ ex ^ Sbc — 2bx 

2bx + 5cx 



tax — 3Ajc + 2ex Ans. 20 ; 3 ; 4 ; — 7 ; 1 ; —4. 



* Sometimes a line is drawn over the quantity instead of a vin- 
culum. Thus a ^- 6 X X is the same as (a -^ 6) x x. 
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(5.) If a =1, 6=2, c=: 8, a: =4, find the value of edch of 
the following quantities: a* — 6"+c* — a?*; 4a*6 — 7b^c 
+ c^x] a«6' — 26«c' +c«j:' ; ah^c^ — 2a«6j;'.+ a^c^jc 
— 2b'cx^. Ans. 45; 40; 8; O. 

(6.) Find the value of each of the following quantities on 

the same supposition : »J2c — ^x] Vbx + \!ac ; [a + c)' ; 

(a«— 2ai+6«)*; (a« + 2at+6«)*; (a' + 3a»6+3a6«+65)J, 

Ans. 2; 4; 3; 1; 3; 3. 

(7.) If a? = 8, a =6, what is the difference between x'^ and 
2j; ; x^ and 3a: ; a;* and 4 ar; a: + a' and (a; + a)' ; 4a; + a 
and 4 (a; + a) ; a;« + a« and (a? + a)« ; ^^^ + V«* and 
V(a?« + a*) ; a? + a and ,J{x^ + «*) ? 

Ans. 48 ; 488 ; 4064 ; 2520 ; 18 ; 96 ; 4 ; 4. 

(8.) If a = 3, 6=4, c=5, 5 i= ^ (a + & + c), what is the value 
of each of the following quantities? >Js (s — a) [s — 6) (s — c) ; 

V »(» — a) » V »(»— 6) 'V «(* — c) 

Ans. 6 ; \ ; 4 ; 1. 



CHAPTER II. 



ADDITION. 

14. tf the qtiantities be like, and have like signs ; add the 
coefficients, to the sum prefix the common sign, and annex 
the common letter or letters. 

15. If the quantities be like, and have unlike signs; add 
the + and — coefficients separately, and take the difference 
of the sums, to which prefix the sign of the greater, and 
annex the common letter or letters. 

16. If the quantities be unlike, connect them together 
with their proper signs. 
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Ans. 5a. 
. 11a. 

7a. 
. 3a. 

2a. 



— 5a. 
^llo, 
a + h, 
a + X, 
h — X, 
2a + 2ft. 
2a — 26. 
2a. 
a + b + c. 



EXERCISES. 

Add together, 

(1.) 2a, and 3a. . 

(2.) 4a, and 7a. 

(3.) 5a, and 2a. 

(4.) 5a, and — 2a. . 

(5.) 3a, and — a. 

(6.) — 2a, and — 3a. 

(7.) — 4a, and — 7a. 

(8.) a, and 6. . 

(9.) a, and x, 
(10.).6>and — X. 
(11.) a+6, and a + b. 
(12.) a — 6, and a — 6. 
(13.) a — 6 + c ; and a + b — c. 
(14.) a+b — c; a — b + c] and— a+6 + c. 
(15.) 4a+3a:— 2y; 3a + 2a:— y; 2a+4a:— 3y. 9a+8a:— 6y. 
(16.) 4a:— 3y; 2«+y; «+3y; &— 5a;+2y. 2x+By. 
(17.) 4— &; —3—26; —4+66; and 3—6. 26. 
(18.) 3a+46+a:; 2a— 36+3a;; &— 2a— 26+3a;. 3a— ^> + 7ar. 
(19.) a« + 2aa? + «« ; and a« — 2aa7 + ««. 2a« + 2x^. 

(20.) 4c'— 2a:« + 4a:— 1 ; —2a:' + 4a:«— ;r + 4 ; 

and 4a:'— a:« + 4a:— 2. . 6a;'+a:«* + 7a:+ 1. 

(21.) a:' + 2a«a: — 3aa:«; — a«a: + 2aa:«; and 

a;'+a' 2i»' — aa?*+a*a; + a'. 

(22.) ac + 6<i; 6d — cd] ac + cd, • . 2ac. + 26d 

(23.) 2x^ — 3aa: + 2a« ; 3a:« + 2aa: — 4a« ; 

a.« + ewj— 2a« ; x^ + a*. . . 7a:« — 3a«. 

(24.) a6 — 2ai + 36i; ^ ac + 26c — Bed; 
ad — 2bd+Bab] — 6c + 2ci — 3ac; 
M — 2a6 + Bad] — ci+ 2ac — 36c. 

2(»6 — 2ac + 2ad — - 26c + 26d — 2cd. 
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SUBTRACTION. 

17. KvLE. Change the Fijms of the quantity to be 
tra/rtffd, or rather, i»uppo»e them to be chaDged, and proceed 
;in lu AddilioiL 



EXEBCISES. 

(I. J From (kt, take 2cl 

^2^) ..* 6<i, take — 2a. 

,., 1, take 1 — a. . 

,»» a, take 6. . . . 

... a, take — b. 

... a,iakeb+Zj 

... a+&, takea — 6. 

... 1, takel+a. 

... a+b — c, take a — b+c. 

... 4a — 26— 3c, take 2a— 36+2c. 

... Sa+2z — y, take a — 2ar+3y. 



(3.) 
(4.) 

(a.) 

(7.) 
(8.) 
(9.) 
(JO.) 
(11.) 
(J2.) 
(13.) 
(14.) 
(15.) 

(16.) 
(17.) 

(18.) 

(19.) 

(20.) 



Ans. 4a. 

8a. 



a. 
a — 6. 

a + 6. 

a — b — JT- 

26. 

— a. 

26 — 2c. 

2a-i-6— 5c. 

2a+4a:— 4y. 

2aa? +by — c, take 2ac — by-{-c. 2by — 2c. 

6 — a«, take a«— 6. . . 12— 2a«. 

2a6--3ac+26c, take 2db+Zac—2bc. — 6ac+ 46c. 

4a« + 76«— 5ar«, take a*— 6«+a; . 

3a« + 86«— 6ar«. 

a« + 2a6+6^, takea«— 2a6+6«. 4a6. 

2x^+ix^ — 3x—l, take 2a;3+2ar« 
— 3ar+l- . . . - 2^«— 2. 

3a — 46 + 5c — 6ar +7y, take — a + 6 

— c + x — y. . 4a — 56 + 6c — Tar+Sy. 

ar» + Sx^y + Sxy^ + y' , take 
x^—3x^y+3xy^-—y^, . . ex^y+2y^. 

ab — 2ac + 3ac? — 46c + 56df — 6cc?, 
take a6 — 2ac -{-ad — 26c + bhd 
—3cd 2a<i— 26c— 3c(i. 



MULTIPLICATION* 



MULTIPLICATION. 

18. When both factors are simple quantities. Find the 
product of the numerical coefficients, to which annex the pro- 
duct of the letters (see Def. 4). If the factors have both the 
same sign, the product is positive ; if they have different 
signs, it is negative. 

Note. Powers of the same quantity are multiplied together bj 
adding the indices. 

19. When one factor is compound. Multiply each of its 
terms by the other factor. 

20. When both factors are compound. Multiply each 
term of the multiplicand by each term of the multiplier, and 
add the partial products, as in Arithmetic. 



Multiply 



EXERCISES. 



(1. 

(2. 

(3. 

(4. 
(5. 
(6. 

(7. 
(8. 

(9. 

(10. 

(11. 

(12. 

(13. 

(14. 

(15. 

(16. 

(17. 

(18. 

(19. 

(20. 

(21. 

(22. 



a by 6. 
ax by y. 
ab by xy. . 
a^ by a'. 
3a by — h. 

— 4:ax by 3a. * . 

— 3a«6by— 2a6«. 

— 2a6«cby — a^^a;^-. 
Ja by ,Ja, 

3^0 by 2V5. 
a"» by a\ . 
a"» + i by a*"-*. 
a+b by a, 
a — b+xbyS, 
ax — bx^ by c. . 




Ans. ab, 
axy. 
. ahxy. 



a\ 

—Sab. 

— 12a«a:. 

6a363. 

2a^b^cxy^, 

a, 

30. 

a^+ab. 
acx — bcx^. 



1— .2a:+3a;2— 4a:5 hy 2ax, 2ax-^ax^ + 6ax^SaxK 
2abSac^2bchy—3abc. — 6a«^«c+9flr«^c«+6a6«c«. 
l--2ax+3bx^ hy—2abx. — 2a6ar+4a«6a;«— GoA^j'. 

a + b by a+b. . . . a^ + 2ab+b^. 



a+b by a — b. , 
a — ^ by a — b. 
a + 2x by a+2x. 



a^^b^. 
a^—2ab+b^. 
a^ + 4ax+4:X^. 



H MULTIPUCATIOM. — ^DITISION. 

(23.) 2a— 3ar by 2a — 3x. Ans. 4a« — 12aj; + 9a-*. 

(24.) 3a— 2 by 2a— y. • • 6a« — 2aa:— Say+iy. 

(25.) 2a+ b by x+2y. . . . 2az+bz+Aay + 26y^ 

(26.) 3a« + 2a:«by3a«+2^^ . 9a^ + 12a^z^ +Ax^. 

(27.) 2a + 3by 3a+2. • . . 6a« + 13a+6. 

(28.) 4a?-.7by4jf — 3. . . 16a:«— 4ar+21. 

(29.) a«— 2ar-|-x« by a— ar. . a'— 3a«x+3aa:« — z^. 

(30.) a^+az+z^ hj a—z, . a^—z'. 

(31.) a*+a^ + l bya«— 1. . a« — 1. 

(32.) «« + 2ar+4 by ««— 2a?+4. . x* + 4a?« + 16. 

(33.) 1 + 2Z + 3a;« + 4t' + 5a;* 

.byl— 2a:+x« .... 1— 6x« + 5a:«. 
(34.) i + V2 by 1 — ^/2. . . — 1. 

(35.) a*+«*»bya — z. . . . a" + * + a«" — a»»a:— a* + *. 

(36.) a*— 2a*-» + 3a»-«— 4a'»-3bya + l. 

a»» + 1— a*+a»-i — a»-*— 4a»^-^*. 

(37.) (a-1) (a+3) (a+5) (a — 7). 

a*— 42a«— 64a+105. 

(38.) (a— ar) {a+Sz) {a+5z) (a— 7a:). 

a* — 42a«ar«— 64aa;' + 105a:*. 

(39.) (2 + V2) (2 - V2) (3 + -v^5) (3—^5). . . 8. 

(40.) [a+b+c) {a+b-^c) (a— 5+c) {-^a+b+c), 

2a«6« + 2a«c« + 262c«— a*— 6* — c<. 

(41.) {a + zy. . a* + 4a'a:+6a«a:« + 4aj:'+a:*. 

(42.) (a— a:)«. . a«— 5a*a:+10a3a:«— 10a«a:5+5aa:*— a:^. 



DIVISION. 

21. When both divisor and dividend are simple quanti- 
ties : Place the dividend over the divisor so as to form a 
fraction (Def. 6), removing any factor common to both 
numerator and denominator; and if the divisor and divi- 
dend have the same sign the quotient is positive; if they 
have different signs it is negative. 

If the divisor is an exact factor of the dividend^ the 
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quotient may be found by rejecting that factor from the 
dividend, 

A power of a quantity is divided by any other power of 
the same quantity, by subtracting the index of the divisor 
from that of the dividend. 

22. When the dividend is a compound quantity and the 
divisor a simple one ; divide each term of the dividend by 
the divisor. 

23. When the divisor is a compound quantity ; arrange, 
if possible, the terms of the divisor and dividend according 
to the powers of some letter common to both, beginning 
with the highest power and going regularly down to the 
lowest, or vice versa ; then proceed as in long Division in 
Arithmetic. 



Divide exercises. 

(1.) a« by a. . 
(2.) axhy X. 

(3.) 56 by 5 

(4.) 3flr6 by 36. . 

(5.) Sabx by 2bx. * . . 

(6.) 4aryby— 2y. 

(7.) a* by 2a. 

(8.) 6a«63 hj—^ab^c. 

(9.)— or by— 1. . 
(10.)— Iby — 1. 
(11.) a by ,Ja. 

(12.) a^ by fl«. . . . 
(13.) _a»»by — a". ... 
(14.) _a"» + i by a*"-!. 
(15.) —lOa^b^'x^ by 2ax. . 
(16.) 6a»6«c' by — Sabc. 

(17.) a' by a', and prove a®=l. 



Ans. a:, 

a. 
. b. 

a. 
. 4a. 

— 2jp. 

2 c- 



X. 
1. 

a\ 

— a«. 

— bab^x^. 
'-2a''-^bc^, 

a' 






(18.) «' by ar^, and prove a;-*=— . x^-r-x^^x^^ &—=:—. 

(19.) 3a6 — 2acbya. . . . 36 — 2c. 

(20.) 4a«6ar— 6a'6«« by 2a«ar. . . 2b — Sabx. 
' (21.) 3aA— 12«26c + 9a6«c«by3a*. .. 1— 4ac+36c«, 
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(22.) o«— 2a+3by— 1. . Ans. — a«+2a— 8. 
(23.) 2x^—4tax^ -f- 6a«a: by — 2z. . — a:« +2ax—Za^. 
(24.) 3a^b^x^4:ab^x^+5a^bz^hyQabx. iab^—^bx^+^a^x. 
(25.) a* + 2ab+b^ hy a + b. . . a+^. 
(26.) a^^2ab-tb^ hj a — b. . a— 6. 

(27.) a^^b'hja — b. . . . a+6. 
(28.) a« — ^2bya + d. . . a— ^. 

(29.) a;«+;r — 6bya:--2. . . . x+d. 
(30.) a;«-far — 6byar+3. . . a:— -2. 
(31.) 4a« — 15a;«--4flw; by 2a + 3x. . 2a— 5a:. 
(32,) 4a* — 64 by 2a — 4. . 2a'+4a« + 8a+ 16. 
(33.) a*— a:* by a— a:. . . a^ +a^x+az^+x^. 
(34.) a*— a:* by a + a:. . . a'— a^ar + ax^ — x^. 
(35.) a* — ar^bya- a:. . . a^+a^x-{-a^x^+ax^+x*, 
(36.) a^—x^hya + x. . . a^^a^x+a^x^—ax^+x^. 

(37.) a^+x^hya — x. . . a^+a^X'\-ax^ -\-x^+^'* 



(38.) a* + a;* by a + a:. . . a'— a«a:+aa:«— a;5+ ^""^ 



O+JC 



(39.) a^+ar^ by a— a:. a^-\-a^x+a^x^+ax^ +x^ + 

(40.) a^ -l-a:^ by a+x. . . a* — a'x+a^x^ — ax^+x"^. 
(41.) 2a;*— ar3 + a;2 + 7a:+ 3 by a;«—2a:+ 3. 2ar« + 3a:+l. 
(42.) 3a« — 4^2 + 3c2 — 4ad + 6ac — Abe 

hya — 2b+c 3a + 26+3c. 

(43.) 12a* — a'a: — 21a2a;2+22aa;3 — 6a;4 

hy 3a^ — Aax + 2x^. . . . 4a«+5aa:— 3a;«. 

(44.) a^x^ +a^—2abx^ +6«a:' ^a^ 6«— 2a*d, 

by ax—bx+a^—ab. ax^—bx^—a^x+abx+a^ — a^b, 

(45.) a by a — 1. 

l+-+A+A+&c. = l-fa-i + a-2+«-^+&c. 



a ' a' ■ a* 



(46.) a by a 4-1. 



1— -+~-T+&c. = l— a-i + o"^— a-^+&c. 



a^ 



(47) a by a«— 1. l+^-\-^^+&c.=ar^+a-^+a-^+&c. 
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(48.) ahya + b. 

a ' a^ a* ' 

(49.) a by a — b, 

* a a' 

(50.) abya«— 26«. 

i+^ + ^ + &c. = i(2a-i6 + 4a-^6H8^6«+&c.) 



1 — 2+3—1 

2 + 3+ 2 



MULTIPLICATION BY DETACHED 
COEFFICIENTS. 

24. When the factors to be multiplied together consist of 
powers of the same quantity, either in ascending or descend- 
ing order, it is obvious that in the product the powers of 
the same quantity will ascend or descend in the same order. 
Hence the operations may be performed by means of the 
coefficients alone, annexing afterwards the proper powers to 
the coefficients so obtained. Thus to multiply %^ — 2a:* + 
3a;— 1 by 2a:« + 3ar+2. 

Write out the coeffi- 
cients of the multiplier 
and multiplicand in their 
proper order, and with 
their proper signs, and 
proceed in precisely the 
same manner as if they 
were connected with the several letters. Then the literal 
part of the first term being x^ xx^ =z a;^, we insert x^ after 
the coefficient 2, and the successive powers after the others, 
till we come to the last, — 2, to which (being the product of 
the terms not containing x) no power is annexed. 

If any term is wanting to complete the regular succession 
of powers in either of the factors, its place must be supplied 
with a cipher. 

Multiply EXERCISES. 

(1.) 2a— 3 by 2a— 3. . . Ans. 4a«— 12a+9. 
(2.) 4a;«— 6ar+9by 2a:+3. . . 8a;' + 27.. 



2 — 4+ 6 — 2 

3—6 + 9 — 3 
2 — 4 + 6 — 2 

2 — 1 + 2 + 3+ 3—2 

Ans. 2^«— a:* + 2a?»+3x2 + 3r— 2 
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MULTIPLICATION BY DETACHED COEFFICIENTS. 



(3. 

(4. 

(5. 
(6. 

(7. 
(8. 

(9. 

(10. 

(11. 
(12. 



1— 2a+3a«— 4a' by 1+a. 

Ans, 1 — a+a^ — a» — 4a*. 
a^—Ba^x+Bax^—x^ hja—x. 

a^—ia^x+Qa^z^—Aax^+x^. 
a^^a^x+ax^ — x^ hy a+x. , . . a* — x^. 

4;i;« + 12ay+9j^« by 4a:« — 12a-y+9y«. 

16a;4— 72:r«y« + 81y*. 
a:2+3aa;+4a« by a:«— 3aa:+4a«. a;*— a^a;* + 16a*. 
a^ + a^x^+x^hya^—x^. . . . a^— ar«. 
(ar+1) (a;— 2) (a:— 3) (a:+4). a;4— 15a;2 + 10«+24. 
(a:— 3)(ar+4)(:r— 5)(;r+6). 

x^ + 2x^ — 41a;«— 42a:+360. 

(^a+2x) (2a— x) (2a— 3x) (3a+2a:). 

12a* + Sa'a;— 39a2a;« —Sax^ + 12a:*, 
(a— 2a:) 5. 

a5 — 10a*a:+ 40a5a:« — 80a«a:5 + 80aa:* — 32a:fi. 



DIVISION BY DETACHED COEFFICIENTS. 

25. The same method may also be employed with great 
advantage in many cases in Division, wherever the divisor 
and dividend are such that the literal part of the terms of 
the quotient can be supplied by inspection. This method 
will be understood from the following examples: — Divide 
3a;* + 14aj' + 12a: + 9 by ar« + 5ar+ 1. 



3 + 14 + + 12 + 9/1 + 5 + 1 
3+15 + 3 



/1 + 5 + 
\3— 1 + 



1 — 3+12 Ans. 3*«— a:+2+ 



8* +7 



— 1_.5— 1 



««+&r+I 



Here placing the 
coefficients as in the 
margin, those of the 
divisor being to the 
right hand, imme- 
diately above those 
of the quotient, we 
find in the usual 
way, 3 for the first figure of the quotient ; then multiplying 
the terms of the divisor by 3, the products are placed re- 
spectively under the three first terms of the dividend, and 



2 + 13 + 9 
2 + 10 + 2 

3 + 7 



3+14 + + 12+9/1 + 5 + 1 
— 3—15 — 3 V8— 1 + 2 

1+5+1 
^2— .10_-2 

3 + 7 
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the work proceeds exactly as if the letters were annexed ; 

and since —=»«;«, the literal part of the first term of the 

quotient is x^^ and the powers will descend in the same or-* 
der as in the divisor and dividend, the quotient therefore is 

' x-* + 5a; + I 

The process may be still farther abridged, as follows : — 

Arrange the coeffi- 
cients as before, and find 
the first figure of the 
quotient, which is 3 ; 
multiply the terms of the 
divisor by 3, and set 
down the products under the dividend as before, but with 
their signs changed ; then 14 — 15 = — 1, which divided 
by 1, the first term of the divisor, gives — 1 for the next 
figure of the quotient ; multiply, and set down the products 
as before, with their signs changed ; then — 3 + 5 = 2, 
which again divided by 1, the first term of the divisor, gives 
2 for the next figure of the quotient ; multiply as before, and 
set down the products with their signs changed. Then sup- 
plying the letters, the quotient is Bx^ — a: + 2 as before, 

Sx + 7 

with the remainder ^^j:^^—^- 

A little consideration will show that the two processes 
are identical, the several subtractions in the first being 
omitted in the second, and the signs of the partial products 
being conceived to be changed in the first, while they are 
actually changed in the second. 

When the divisor consists of two terms, and the coefficient 
of the first is unity, the division may be performed as follows : 

To divide 4a;*— 33a;2 + Sx + 3 by 2: + 3. Arrange the 
coefficients as in the margin, omitting the first term of the 
divisor ; then multiply the 
first term 4 of the dividend 
by the 3 of the divisor ; set 
down the product 12 under 
the second term, and sub- 
tract; the remainder is — 12; 
which write down below ; multiply the — 12 by the 3 of the 
divisor, set down the product — 36 under the next term, and 



4 + 0— 33 + 8 + 3( + 3 

1 2 — 36 + 9 — 3 

— 12+ 3 — 1 (+6) 

Ans. 4r8— 12x2^3x— 1 + ~-- 

x + 3 
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subtract; the remainder is -|-3, which again write down 
below ; proceed in like manner to the end, multiplying each 
remainder by the 3 of the divisor, and subtracting the pro- 
duct from tlic next term. In this case, the coefficient of the 
first term of the divisor being 1, to divide by it produces no 
alteration, and hence the first coefficient of the dividend, with 
the several remainders except the last, may be taken for the 
coefiicients of the quotient. 

Divide exercises. 

(1.) 4r«— 4a;— 15by2a;+3. . . . Ans. 2a;— 5. 

(2.) a«— 2ad+6«bya— 6 a— 6. 

(3.) 2a:*— a;5+a:« + 7a;-+>3byar«— 2ar+3. 2a:« + 3a;+l. 
(4.) 12a:*— a;5— 4ar« + 7a:— 2 by 3a:« + 2a:— 1. Az^—Bx+ 2. 
(5.) a:4 + 4a:'+6a:2+4a:+l bya;+l. x^ + Sx^ + 3x+l. 

(6.) 3a:4 — 10a:' + ll^^ — 8a:+6byar— 2. 

3a:3— 4a;a + 3a:— 2+ « 



(7.) 3a:4— 4aa;' — 12a«a:2— 7flr'a:+a* by a:— 3a. 

3a:' -h 5aa:2 + 3a«ar + 2a5 + -^ . 

(8.) 4a« + Ua*x—5a^z^ + 8a^x^—Uax^ + 8x^ by a + 4a:. 

4a*— 2a'a;+3a«a:«— 4aa:' + 2a:4. 

(9.) 12a*— a'a:— 21a«a:« + 22aa;5— 6a:* by 3a«— 4aar+ 2a:«. 

4a« + 5aa:— 3a:«. 

(10.) Qx^~-x^y+lx^t/^ + 3x^y^ + Sxt^^ + 6i/5 by 2a:«— 

3xt/+By^. Bx^ + 4a:^y+5ay H3i^^ + JT^/+^« - 

(11.) 32a5H-243a:5 by 2a+3a:. 

16a* — 24a3a: + 36a«a:2 —54,ax^ + 81a:*. 

(12.) a^— 32a:«bya— 2a:. a* + 2a'a:-f 4a«a:« -+ 8aa:' + 16a:*. 

(13.) l + a?* + a;* by l + a:+a:« 1— a:+a:«. 

(14.) 15a* + 10a3a:+4a«a:« + 6aa:'— 3a:* by 3a«— a:^ + 2«a:, 

5a^+3x*. 

MISCELLANEOUS EXERCISES. 

1. Express algebraically the sum and difierence of two 
numbers ; then, Jirst, add the two expressions ; second, sub- 
tract the less from the greater ; and, third, multiply the one 
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by the other: what are the three results expressed in 
English ? 

Ans. Twice the greater ; twice the less ; and the difference 
of the squares. 

2. The sum of two numbers is 20, and their difference 12 ; 
find the numbers. Ans. 16 and 4. 

3. Half the sura of two numbers is 15, and half their dif- 
ference 8 ; find the numbers. Ans. 23 and 7, 

4. If A can do a piece of work in 12 days, express the 

X 

parts done in 1 day, and also in x days. Ans. ^'^ and - . 

5. If X be the less of two numbers, and 8 the difference, 
express the greater. Ans. x+S. 

6. If X be the greater of two numbers, and 8 the difference, 
express the less. Ans. x — 8. 

7. Express the square of the sum of two quantities, a and 
6, and also the sum of their squares ; and find the difference. 

Ans. a^'\-2ab + b^] «« + *«; '2ab. 

8. If a: represent a number of shillings, express the same 

2x 

sum of money in half-crowns. Ans. -^ half-crowns. 

9. One of two brothers is as much above 25 years of age 
as the other is below it; if 25+ a: is the age of the one, what 
is the age of the other? Ans. 25 — x, 

10. If ar articles cost y pounds, find the price of each. Ans. -. 

11. If one of two numbers in the ratio of m to n be ex- 
pressed by mx, find the expression for the other. Ans. nx. 

12. A sum of money is to be divided among three per- 
sons, A, B, and C ; if a: represent A's share, find B's and C's, 
when B's is double, and C's treble of A's ; also when B's is 

X X 

half, and C's the third part of A's. Ans. 2x and 3ar; - and «« 

13. If A can do a piece of work in a days, and B in ^ 

X X 

days, find the part done by each in x days. Ans. - and -.. 

14. Express the two numbers whose digits are x and ^; 
and ar, 5^, and ^. Ans. 10a:-f^; and 100a: +10^+^, 

15. What does x^ + t/^ want of being a complete square ? 

Ans. db2a:y. 



IG 



CHAPTER III. 



FRACTIONS. 

FUNDAMENTAL PRINCIPLES. 

26. If the numerator and denominator of a fraction be 
both multiplied by the same number, or both divided by the 
same number, the value of the fraction is not changed. 

27. A fraction is multiplied by any quantity, either by 
multiplying the numerator or dividing the denominator by 
that quantity. 

28. A fraction is divided by any quantity, either by di- 
viding the numerator, or multiplying the denominator by 
that quantity. 

29. It follows from the first of these principles that a 
fraction may be reduced to fts lowest terms by dividing its 
numerator and denominator by any factors which are com-^ 
mon to both. In many cases such factors are easily dis- 
covered by inspection, and their product is called the Greatest 
Common Measure of the two quantities. 

30. To find the Greatest Common Measure of any two 
quantities : — 

First, When it is a simple quantity. To the greatest 
common measure of the nuinerical coefiicients annex the 
common letters. 

Second, When it is a compound quantity. (1.) Divide 
the one given quantity by the Other, using as divisor the one 
which is of lower dimensions, if the dimensions be different. 
(2.) If there be a remainder, divide the divisor by it. (3.) If 
there still be a remainder, divide the last divisor by it ; and 
continue the process till nothing remain. The last divisor 
is the Greatest Common Measure. 

This rule depends on the two following principles : — 

1. If one quantity measure another, it will measure any 
multiple of it. 

2. If one quantity measure two others, it will measure 
their sum or difference. 

In order to simplify the operation, either of the original 
quantities, or any of the remainders, must be divided by any 
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simple quantity common to all the terms; and, to ayoid 
fractions in the quotients, any dividend may be multiplied 
by any simple quantity. Care must be taken, however, diat 
no factor rejected be common to both of the original quan- 
tities. K there be such a common factor, it is better to 
divide both quantities by it, and afterwards to introduce it 
as a factor into the common measure. 

The Greatest Common Measure of three or more quanti- 
ties may be found, by first finding the Greatest Common 
Measure of any two of them, then of that and a third, and 
so on. 

The following example will show the method of applying 
the above rule. To find the Greatest Common Measure of 
Sx^ + 6a:«— 4r — 3, and 12a:' +5x^+x+B. 

Writing out the coefiicients as in ordinary Division, since 
the quantities 
are of the same 
dimension, we 
may divide ei- 
ther by the oth- 
er. Doubling 
the latter to 
make the first 
term divisible 
by 8, and di- 
viding, we get 3 for quotient, and the remainder is — 8 + 14 
-1-15 ; then dividing the divisor by this, we first get for quo- 
tient — 1, with the remainder 20+ 11 — 3, and doubling this 
to make the first term divisible by — 8, we get for the next 
part of the quotient — 5, with the remainder 92+69, or by 
division by 23, 4+3. Lastly, Dividing the last divisor by 
this remainder, we get — 2+5 for quotient, and no remainder; 
hence 4 + 3 are the coefQcients of the Greatest Common 
Measure, which is therefore 4;r+ 3.* 

It is usual in operations such as the above to write the 
dividend always on the right-hand side of the divisor ; but 
this serves no good purpose, as the work is just as easy 
when the position of each is reversed. 



8+6 —4—3 
8 U 15 


12 
2 


+ 5 +1 +3 


20 + 11 —3 
2 


24 + 10 +2+6 
24 + 18—12 —9 


40+22—6 
40—70—75 


— 8 + 14+15 

— 8 — 6 


23) 92 + 69 
4 + 3 


20+15 
20+15 


or 4a: + 3 







—1—5 



^2 + 5 



• Since the first sign in the divisor, — 8 + 14 + 15, is — , aU the 
signs might have been changed, or it might have been multiplied 
by — 1. 

B 
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Find the Greatest Common Measure of the terms of the 
foUofring fractions, and reduce them to their lowest terms v^^ 

Its 



(1-) 



900* 



/« V 6a*bx* 

(6.) 
(7.) 



ab + bx 
x*^ ax* 






(9.) 



Sax — 3x* 
dor— .5a;'' 






(12.) 






• « 



rl3^ ""•-**• 



(U.) 



3x«— .ar« — 8« + S 



S«* + Sr* + 3x + 2 



/.^t i + lto-f 9jg« 



Ans. 25 

• «r • • 

. 2a:y 

. x+a 4 
. a+b 

. ax — X 



3a- 

Za-^2x 
x+l . 
x—l 
2+3ar 



5 

39 



a 
Sx 

2x* 

b_ 

9 



»• 



3 
5 



a: . zr- 



3e 



(*+y)" 

« + 3r 

3a+23F 
9a«+6ar+4x^ 

8jg«— 5x + 3 
2«« + « + « 

2jr« -t- a? + g 
3*« — 2« + 3 
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(17-) !~I"^f.' - • • • Ana. 2 -3a; . ^^ 

^^"•^ 3x> ^ 23a + 30 • • • * — ^ ' 3a — 13 

.ft- N 3j:* — iar«-t-23j? — 21 « - j?« — 2jg + 3 

^^^'^ 6*» + ar» — 44ar + 21 • • ' ^^ ' • 2*«+5:»-i 

V220 ^4_y^. + 28x-l({ ' • • • **— 7«+4 *«-4" 

/OQ \ 9ar^--.4ar« + 27x^4 0^fl_Q-,.-LA 4x'+6x— 1 

^^•' 2a?* + 9^:3— 30a?« + 48a: — 32' oar-r-4 ^.^ ^. g^^ _ g 

/oj. ^ Sa^^^Tfl'x 4- 8a«x«+or» — x* „ g* — 2a«a?+2ax«-f Jr» 

^ '^ 9fl*+3a»x— 8o»a:»+5ax»— a:*' ^^ ^ 3o»+2fl«;c-2od:«+a:« 

/oRN 16ar^ — • 53a:« + 45af + 6 Q* i A ^!l±ifL±i 

V^^--/ 8a:*— 30a:3+31x« — 12' ' ' ^ ""^^^^ 2a:«-.3x— 2 

/9fi \ 34jrg— 22a?*— 14»» + 24r^— 8jc ^^ . 4ja-,jca— 3jr-f 2 
^^•J 18a?«— 18a:*— 14a:»+30a:«— 12a?* ^ ~~^ 3a?»— a:«— 3a^+3 

j^^ \ ** + a*a:' 4- a* ^«*— oof+a* 

(270 4 1 a / 4 ' > • . x^+at+a^ , ;, 

^ ' «* + ao:' — a*j: — . a* ' a:« — a* 

/Oft ) 9x' + ix'+*x*^x+l 3-,«_a. . 1 3*' + ^'-»-^ 

/oo ) fl+_«'i+ 9__ *«_2*+ 3 fL±«^±? 



(30.) 



6a?«— a?»-~13j?* + lla?»-t-5jg« — 3^c— 1 
IOj:* — 19a?* + 17a?» — 6«« + « + 3 ' 



^ix* 4- 4x* — 2jr — 1 

zx — ac -ha;-t-i 5je« — 2« + 3 



31. An integer may be expressed in the form of a fraction 
haying any required denominator, by first multiplying by 
the required denominator, and under the product as numer- 
ator writing that denominator. This is merely performing 
an operation and then indicating the reverse. 
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(1.) Express a; with the denominator y. Ans.^. 

(^\ 4. 7 28 

\***i ••• *• • • • • • • •• "^"^ 

7 

(3.) ... 3a 5z. i^. 

5x 

(4.) ... &r ..... . a+x. ^a^. 

(5.) .. Sax a-z. ^•'-^ - • . 



(6.) ... 2a« a 



8 ^8 



(7.) ... a+;r a«-;f.-!i!i^!^^*. 

(8.) ... a — X a+z, — : — . 

(9.) ... 3a — 1 • . . . , a — 2. 



a — 2 

a*jc — ox* 
OJC — «* ' 



(10.) .,. a^+az .... ox — a;*. 

(11.) ... a^ + 2az . . , (a^a;)«. ^^_^y , 

(12.) ... {a+xy .... (a+a:)». [^I. 



32. To reduce a mixed quantity to the form of a fraction. 
Multiply the integral part by the denominator, annexing the 
numerator with its proper sign ; then under the result write 
the denominator. 

EXERCISES. 

Reduce the following mixed quantities to the fractional form : 

(10 l+i Am. ^. 

(2.) 1-f 



a — X 



a a 
(3.) a+ ^— J , 
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4.) <t—ix+^ 



a 



Ana. 



a*— ^2aj? + x* 



6.) a — 



X 

ax + x^ 






ar*-x' 



7.) a+x — 



8.) l+2x— 



a 

a* — «" 
a 

24-3* 



• «•«••• 



9.) o« + <»+ar« + „-^. 



(10.) a«— oe+a:'— j^ 



• •«■••• 



a 
a 

a* 



(11.) 2a+3a? — 

(12.) 2a+3:r-^-^^' 



13ajf 4- 63c» 
3a + 2a? * 

ax — 6x^ 
3a — 2x 



a + « 

6a« 
Sa + 2«* 

6a> 
3a_2«' 



33. To reduce a fraction to an integral or mixed quantity. 
Divide the numerator by the denominator if possible, annex- 
ing the remainder, if there be any, as in Division. 



EXEBCISES. 

Reduce the following fractions to integrals or mixed 
quantities : — 

b 



(1.) Y -^^^^ ^ 

(2.) z__lj:z. , a+x. 



a 
a«— jc» 



(3.) -..ZZ^ 

^ ' a — X 



(4.) ^^f^. 



(5.) -^" 



a+x. 



a* — ax — 



or* 

a + «* 



(6.) 



a— -X 

«• +3a«j? + 3a«« 

«4- ' 



a«+aa:+a:« + 



2«« 



a — JT 



a« + 2ar+««— ^— . 
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34. In order to add together qnantities of different deno- 
minations, such as pounds and pence ; or to subtract the one 
from the other, so as to express the snm or difference in one 
number of one denomination ; it is evidently necessary first to 
reduce each of the given quantities to that denomination, 
after which, the work is accomplished by Simple Addition or 
Subtraction. In like manner, fractions of different deno- 
minators must first be reduced to the same denominator 
before they can be added, or one subtracted from another. 
This reduction can always be effected by taking the con- 
tinued product of all the given denominators as the common 
denominator, to which each can easily be reduced by multi- 
plying it by all the other denominators. But to preserve 
the value of each fraction unchanged, the numerator must 
be multiplied by the same quantity as the denominator. 
Hence, to reduce fractions to a common denominator, multi- 
ply the numerator and denominator of each fraction by all 
the denominators except its own.* 

EXERCISES. 

Reduce the following fractions to equivalent ones having 
a common denominator : — 

(^•) rs A^»- T» ■?• 

.Q . fa 4a 10a 12a 

* 35. The above procets may often be much simplified by using 
the Least Common Multiple of the given denominators, instead of 
their continued product, for the common denominator. The Least 
Common Multiple of the denominators being the smallest quantity 
which contains each of them as a factor, it may be found by the fol- 
lowing rule i-<- 

To find the Least Common Multiple ofany number of quantities. 
(1.) Arrange them aU in the same line, and if any of them be a fiic- 
tor of any of the others, reject it. (2.) Divide by any factor common 
to two or more of them, writing the quotients and quantities not 
divisible bv such factor in the second line. (3.) Proceed in the same 
manner with this second line, and so on, repeating the process as 
often as possible. Lastly, Find the continued product of all the 
divisors and quantities found in the last line. 

To reduce fractions to a common denominator by this method. 
Find the Least Common Multiple of the given denominators, for 
the common denominator, then multiply the numerators respec- 
tively by the quotients obtained by dividing this Least Coqunon 
Multiple by the denominators 
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(3. 

(4. 

(5. 
(6. 

(7. 
(8. 

(9. 
(10. 

(11. 
(12. 
(13. 
(14. 
(15. 



b' a 



A «* »* 



a + x a — X 3(a+x) 2(g— jf) 



4 ' 6 " 

Jl L 1, 

x>' y>' jy' 

i i- JL 

%x — 3 8jg — 2 

4a ' 6a« 



> 12 • 
«' 2xy 



j^! ^ 

«*y*' «*y*' x^y** 

he e \ 
abe* ahf^ abc 

6d;S— .9x 6ar— 4 
12aa: ' 12aar 



a a— .6 a — 6 



a — 6' 

111 
a' 6' c' 



a + 6' 



Jc+y X — y 
a X 



ab{a-^b) (a^b) (o»~&») &(tt , h)* 

be ae ab 
abc* ahe* aAe* 

a{^a — x) x{a + x) x(a — x) 



a ■\- a? a — a? a + a?* 
12 3 



8 » a« 



a» a«— x« 






a:+l* ar+2' a: + 3' « + 4' 

1 2 3 4 

x«l» 2ar-r 3r-l' 4ar-r 



ADDITION OF FBACTJONS. 

36. To add fractions. Reduce them if necessary to equi- 
valent fractions having the same denominator ; then add the 
numerators, and under the sum write the common deno- 
minator. 

EXERCISES. 

a + 6 



(2.) 1 + 1 + 5- 



Ans. 



2 • 
a4-6 + c 
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l^-; ""5 r — J— Ans. y. 

/J \ * I 2*— 1 , Sap — 2 6x— .3 

(*•) 7 + — 7 h — 7— — 7— • 

For additional exercises, add the fractions in the last set 
Answers. (1.) f . (2.) «". (3.) '^. (4.) ^. 

(5.) '-^^^. (6.) ^^ (7.) 5^^^i^*. (8.) ^±S- 



V"0 i::--i- K^^') ^Tf^' VA4-; ^r* + 10jc» + 35x« + so* + »v 

M g > 96x* — 15Qg> + 70* — 10 
^^^•' 24«* — 50*» + 35a:« — 10* + l" 



SUBTRACTION OF FRACTIONS. 

37. To subtract one fraction from another. Reduce thetn 
if necessary to the same denominator; then subtract the 
one numerator from the other, and under the difference write 
the common denominator. 

EX£BCIS£S. 

(2-)i--; ^*. 

, . a b ft'— A* 

V^-^ A — i —dT-' 

u) .JL. ^ ..J^ ^ , 

A / x — y «+y ** — Jf* 

(7.) -i-^- . ^^ —r-* 



nuonoNs. 
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Ans. 



3+2jr 



^ ' 1 + 2* + ar« 1 + « 



• • • 



«« + 3* + 2' 

ar«^3* + 2* 

1 

l + 2a: + ««* 



MULTIPLICATION OF FRACTIONS. 

38. To multiply fractions. Multiply all the numerators 
together for the numerator, and all the denominators for the 
denominator, suppressing such factors as are common to both 
numerator and denominator. 



(1- 

(2. 
(3. 

(5- 
(6. 

(7. 

(8. 

(9. 
(10. 
(11. 
(12. 



8 



EXESCI8E8. 

X 2. ...... . Ans. a. 



a , 



h. 



2 '^ 3* 
2 — * 



1 — 2* 



«» +«> 



2^5j?-f 2jr» 
6 



X 
X 



a 
a 



— X a + X 



X 
X 



a + X 



at ^ 2a6 + 6* a + 6 

X 



a* — ab-\- b* 

x> -I- 3g 4- 2 
x« +2x + l ' 
I +x 



a--b 
a — 6 



a+ 6 

x« + 5x -f 4 
x« + 7x+12* 



1— X 

X 



X 1— «. 



o« -I- x« 
(a + x)«* 

a»^b» 

x-f 2 
x + 3' 

Tar. 



(I + J + 5) X60 20a + 156-hl2c* 



96 nucmoNB. 

(13.) ( ^+ 7 + g j X L. C. M. of denominatori. Ans. 11a. 



DIVISION OF FRACTIONS. 

39. To divide one fraction by another. Invert the divi- 
sor, and proceed as in Multiplication. 

EXERCISES. 

(1 \ ?! ^ ?f Ans -i 

^jj ^ Sax 2x 5a* 

^^ T ^ ^- T- 

(3.) «zif ^. !=_*, f. 



X *• 



(7.) 
(8.) 



X X^ 

I 

»' 

a* — eJf-^b^ ^ a — b a* + &> 

a«"+aATT« "^ a + & o» — *»' 

o" + «• a + « a* + jc* 

a« — «« "^ a — «' • • • .... j^^jpjt^ 

a*— ox' 114? — «' a*(o + «) 

«• • a «* ' 

ft 



a' 



(9.) "-=i 

(io.)(i + iT^)-i-(i-ii:^.> • 

^ ^^ ar«+5ar + 6 "^ *« + 4r + 4 *+!* 

.|t^^ jr« — 2jr~3 jr^ — 2j — 8 «* — 1 

^^^•^ ««+«— 12 "^ *«+*— 2' • • • - :^^TZZl6' 

a + l,o— -1\ /a+1 a — 1\ a« + 1 






• 



o« ■!■ »* 
tab ' 
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CHAPTER IV. 



EQUATIONS OF THE FIRST DEGREE. 

40. An equation is a statement of equality between two 
quantities. Thus a +z=:b — a; is an equation of which 
a + zh the one side or member, and b — a: the other. 

In this equation it is asserted that the unknown quantity 
X is so connected with the two known quantities a and b, 
that the sum of a and x is the same as the excess of b 
above x, 

A simple equation is one which contains only one power 
of the unknown quantity ; if it contain more than one, it is 
compound. 

An equation is said to be of the first, second, third, or nth 
degree, according as the highest power of the unknown 
quantity in it is the first, second, third, or nth power. 

To solve an equation, or to find the value of the unknown 
quantity, it is necessary to separate it from all the other 
quantities with which it may be connected, so that it may 
stand alone on one side of the equation and its value on the 
other. 

Axiom 1. If equals, or the same be added to equals, 
the wholes are equal. 

2. If equals, or the same be taken from equals, the re- 
mainders are equal. 

3. If equals be multiplied by the same or by equals, the 
products are equal. 

4. If equals be divided by the same or by equals, the 
quotients are equal. 

General Principles, — 1. Any quantity may be transposed 
from the one side of an equation to the other by changing 
its sign. 

2. A coefficient or multiplier may be removed by dividing 
both sides of the equation by it. 

3. An equation may be cleared of fractions by multiply- 
ing both sides by all the denominators, or by their least 
common multiple. 
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To solve the following equations : — 1. Clear the equation 
of fractions if necessary. 2. Transpose all the terms which 
contain the unknown quantity to the one side, and all the 
known terms to the other, incorporating like quantities. 
3. Diyide both sides by the codScient of the unknown 
quantity.* 

(1.) ar — 2 = 3 Ans. i? = 5. 

(2.) a; + 2 = 3 ar =± 1. 

(3.) « — 1 + 2 = 4 ar = 3. 

(4.) a; + 1 — 2 = 3 — 1 a: = 3. 

(5.) 2a?— 4 = 6 a: = 5* 

(6.) 3a: + 1 = 4 + 3 a: = 2. 

(7.) 4a: — 2 = 3a: + 1 a: =^ 3. 

(8.) 6a: + 3 = 5a; + 4 a: = 1. 

(9.) 6a: — 5 = 4a: + 17 a: = 11. 

(10.) 7a: — 9 = 3a: + 7 a: = 4. 

(11.) 9a: — 7 = 9 + 7a: a: = 8. 

(12.) 11a: + 1 = 7a: + 21 z =: 5. 

(13.) 5a; — 3a: =: 12 — a: a: = 4. 

(14.) 4a: — 11 + 5 = 29 — a:. a; = 7. 

(15.) 7a: — 9 + 1 = 8a; — 11 a: = 3. 

(16.) 17 — 3a: + 2 = 4a: — 9 a: = 4. 

(17.) 3a; — 4 = 7 + 4a: — 12 a: = 1. 

(18.) 114 = 7a:— 11 + 4a; + 4 a: = 11. 

(19.) 8a: — 3a; + 2 = 11a: — 4a; — 8. * . . a; = 5. 

(20.) 11a: — 7a: + 4a: = 3a: + 40 a: = 8. 

(21.) 3a; + J = 5a; — 3i a: = 2. 

(22.) 7a: — 2 J = 2 J + 6a;. a: = 5. 

(23.) a: + ^ = 9 a; = 6. 



•Example. Given— — !? « 1 Multiplying by 5 and by 3, 

5 3 6 

we get . . . I2x ^lOor = 6, 

or ... . 2x a= 6 ; and dividing by 2, 

we get • » b » X IB 3» 
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(24.) X — g = 10 — X. Ans. 2 = 6. 

(25.) 4i; + ^ = 3ar + 5 a; = 4. 

(26.) f + I =2*-! x = &. 

(27.) I + I =: a; — 2 a: = 12. 

(28.) 1 — 6 = 6 — J. a; = 16. 

(29-)y-g = i-8 * = 20. 

(30.)a;— | — |_i = 1 a; = 7. 

(31.) y — 1^ + y = 2a: + 5 a; = 21. 

(32.)i+i = T-"I- '=!*• 

(^3-) |— | — ^ + 4 = i- a: = 6. 

(34-)|-y + i=4J-i- ^ = 3. 

(35.)| — l+j— ^ = 13 a: = 60. 

XXX X 

(3o.) 2 — - — - = 4J — ^. a? = 11. 

j^'t« 7^? Zi37 X a 

(37.) -g+ig — -3=6 — 4' a:=18. 

(38.)| + J-g=^ + 40 a: = 40, 

(39.) l^+^ + ^=Jf + 7j a: = 3. 

(40.)^-4J + ^ + f = ^ x = %. 

(41.) 3(4 + at) = 2(15— a:) — a:. . . . . .. « = 3, 

(42.) 4a; — 3(4 + a;) = 6 x = 18. 



30 KQtJATlONS or THE t'IRBT DEGREE* 

(43.) 2ar — 3(2 — a;) = 4 Ans. a: = 2. 

(44.) 4(2 — a;) — 3(3 — 2a:) = 9 x =: 5. 

(45.) 6(a: — 3) = 9(a:— 4) — (ar— 6). . . . a: = 6. 

(46.)-?^ = Hi — a: ar = 6. 

(47.) y + ar = 11 — ^l x = T. 

(48.) -3 ^ =^ g- a: = 5. 

.2* — 1 ar — 1 X — 1 x-^2 . 

(*90 —i 5— = —4 -5-* ' • ^ = ^' 

(50.)?-?+l^^ + i. ^ = 4. 

(^l-)£+£ = i ^ = 13. 

(52.) ?^^ + 5^ ^ f±i. .= 5. 

(53.) -ij- - 5^^— il = i- x = 7. 

(^•)^s-i;^ =-Mrr-* * = »• 

(55.) -^j 4i^rn-3' * = «• 

^^^•1 T+n "^ 2F+7) ~ "fc^^^^ '^ ~ ^* 

(57.) i(*- J) - i(| - «) = I « = 4 

w-:(*+t)-;(2^-d=s- • • • -I- 

(60.)l(|^-3)-l(|.-4)=l(**-l|).. = 2. 



equahons oir vbe first deoribs. 
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'61/ 



ax =z b. Ana. a; = -, 



;62.: 

[63. 

;64.; 

[65.] 

;66.; 
[67.; 
[68.; 
[69.; 
[70.; 

[71.; 
[72.; 
[73.; 

[74.; 
[75.; 
[76.; 
[77.; 
[is: 



X 



a: = T 



a 

V 



f = 6. 



*-!-* — 

I T ^"" V* * . • . . 

a 



a b — ^ 



• • 



• . • 



z =:ad. 



z = 



« . 



. X=i 



X X 



X X 



ax , ex 

T + 7 = «• 



a c 

bx d* ~" * 



. . • • . 



f + ± = a« + *«. . . 

kx ax ' 

ga-l-3jf , 3o — -4r __ 4m + 6x 



• . 



ax tx 

^ + T + T = ^- 



& 



1 — X 1 -f « 1— « 

o a 

i — = 2a?. 



Z =z 



abe 

aic 

a +& 



a? = 



z = 



• a; 

. z 



a_6 

« 

c 

bde 
ad + be* 

ad — be 

bde ' 

1 



. Z =2- 



2a? — 3a — bz = a6 — 6a;. . • . a: = 



ar = 



5 + 5 — = a — 6. . . Z 



z 

z 



. • a; = 



6' 

TUT* 

o + * + e* 
4a 

2a _i* 

(«-*)* 
a + * • 



a; + a : a; — » a : : a + 2& : a — 3i. • a? = 



a — 6- 
2a^b 
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Ans. 



(79.) iz — a:2z — b: :2z-{'b: z + a, z = 



Sa 



(80.) z+a:z+b::{2z+a+cy:{2z+b+c)^. ^ = a^>ri-2c ' 



SIMPLE EQUATIONS CONTAINING TWO 
UNKNOWN QUANTITIES. 

41. When one unknown quantity occurs in the expression 
for another unknown quantity, it is plain that the value of 
neither of them can be determined, unless some other condi- 
tion be given. 

In order to limit such questions, there must always be as 
many conditions or independent equations given as there are 
unknown quantities to be determined ; and as these equa- 
tions coexist, or are all true at the same time, they are 
called simultaneous equations. 

To solve such equations it is necessary to eliminate one of 
the unknown quantities, that is, to derive from the given 
equations another equation in which one of the unknown 
quantities does not occur, and which shall therefore contain 
only one unknown quantity. 

The best methods of elimination are the following : — 

First, Jf the coefficients of the quantity to be eliminated 
be the same in both equations, take the difiference or sum of 
the equations, according as the coefficients have the same or 
contrary signs, and the quantity will be eliminated. Thus, 

Given 2x + 3y = 22 

and 5z — 3y = 13. 

By Addition we get 7z ;= 35 ; an equation from 

which f/ is eliminated. 

If the coefficients of one of the quantities be not the same 
in both equations, multiply one or both equations by such 
numbers as will make them the same, and proceed as above. 

Second Method. — Find an expression for one of the un- 
known quantities in both equations, and put the one expres-t 
sion eaual to the other. Thus. 



sion eqnsi to the other. Thus, 
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Given 2rr + 3j^ = 22 
and 5z — Sy =z 13. From the first equation 

99 __ 9« 

we get y = — - — , and from the second 

we get y = —^~. Lastly, by putting the one 
of these values of y equal to th'e other, 

Sx — 13 22 2* 

we get — ~ — = -=-3-^, 
or 7z = 35. 

Third Method.— Find a value for one of the quantities in 
one of the equations, and substitute that value instead of it 
in the other equation. Thus, 

Given 2a: + 2y = 22 
and 5a: — 3y = 13. From the first 

99 ___ 9 — 

we get y = — - — ^ and by substitution in 

the second, we get 5* — 3. ^^~^" = 13 

or 7x = 35. 

Having eliminated one of the unknown quantities by any 
of the above methods, the value of the other is found from 
the resulting equation ; and by substituting this value in 
either of the given equations, the value of the remaining 
quantity may also be found ; or, the value of this latter may 
be found by resuming the original equations, and from them 
eliminating the other quantity, 

EXEBGISES. 

(1.) x + y = 7 Ans. x = 5. 

^—y = 3 v = 2. 

(2.)^ + J^= 11 a: = 2. 

y — ^ = 7 y=9. 

(3.) 2a: + 3y = 16 ^ ^ 5, 

3a: — 3y = 9 v = 2 

(4.) a: + 2y = 8 ^ ^ 2* 

^ + 2^ = 7 y = 3. 

c 
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(5. 

(6.; 
(7.; 

(10.; 

(11.; 

(12.; 
(13.; 

(14.; 
(15.; 

(16.; 
(17.; 



(18.; 



a; + y = 6. 
3a? — 4y = 4. 

X — y = 2. 

4a: + 3y = 15. 

4a: + 3y = 41. 
2a:-— j^ = 3. . 

5a: — 3y = 11. 
3a: _ 3y = 3. 

3a: + 4y = 11. 
15a: — 2y = 11. 

4a: — 7y = 5. 
7z — 4y = 17. 

17a: — 5y = 99. 
7y — Az = 0. 

liar — 85f = 7. 
95f — 7a: = 19. 

Ja? + y = 6. • 
Ja: — ^y = 3. . 

ia: + iy = 9. . 

Ja:-Jy = -1. 

jfa: + fy = 10. 

iy — i^ = !• 
ia: + Jy = 3^1,. 
fa: — iy = liV 

^-i^ + 2y = 24 
^^^ + 2a: = 26 

4*+2y _ -^ 

—5— - ^- • 



(19.; 






y+1 _ 1 

y+2 _ 



2 



= 8. 



Ans. z 

y 

X 

y 

X 

y 

X 

y 

X 

y 

X 

y 

X 

y 

X 

y 

X 

y 

X 

y 

X 

y 

X 

y 



4. 
2. 

= 3. 
= 1. 

= 5. 

= 7, 

= 4. 
= 3, 

= 1. 
= 2. 

= 3. 
= 1. 

= 7, 
= 4. 

= 5. 

= 6. 

= 9. 
= 3. 

= 10. 
= 12. 

= 6. 
= 8. 

= 5. 
= 7. 



a:= 11. 
y = 9. 
a: = 6. 
y=13. 
a: = 7. 
y = 8. 
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(20.) f^±i = I Ana. x = i. 

y 

*-=i = |. y = 9. 

(21.) x + y = t. Ans. z=i(»+ d). 

x—y = d. y = ^ (*_«/). 

(22.) ax + by =z c. *=TTT- 

(23.) x + aj, = b x = ^^* 

, a6 — c 

y + aar = c. y = ^j— j. 

(24.)* + y = « ^ = ^*. 

ax-by^b y = -jj-j-^-. 

(25.)«— 5^ = a « = — jT— . 

4r + 3y = 6 y = "" 



7 • 
(26.) ^ + f = 6 x = ia(b'i'C). 

- — - = c. y = ia(d — c). 

(27.)f + f = c ^=«''*-^ 

^ ' a o a« + ba 

(28.) ?i±^ = 2c. «^=2ac4-:p.*. 

ay—- ftx . rt a*+6c 

/oo \ *+l y + ^ — fl ft*c->- a*M— .2a« — 6«— oft 
^^•/ ""i 6~ == ^* ^ "" a^+b' • 

x+2 , y+2 , ah*d — a«6c-— a«— ?&• — ab 
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/o/\ \ * + 2 a . ,o — 26 ,?6 — a 

(30.) __=-.. .. Ane. x = 6^j— ^ = b-^^^,. 

V — I a lb — ?a ita — b 

''- = r* • • • ^ = ^71 T = 0— ri. 



42. If the given equations contain three or more unknown 
quantities, the elimination may be effected on the same gen- 
eral principles. Thus, let a: + 2y + 3;? = 20 ; 2x — y + 
3« = 13 ; and 3a: + 4y — 2^ = 10, be the given equations, 
by subtracting the second of these from the first, z is elim- 
inated, and the result is — a: + 3y = 7. Again, z may be 
eliminated between the second and third, by multiplying the 
second by 2, and the third by 3, and adding the products; 
the result is 13« + lOy = 56 ; and having thus obtained 
two equations containing only two unknown quantities, their 
values may readily be found as in the examples already 
given. 

In this case we have eliminated z between the first and 
second equations, and then between the second and third ; 
but we might have eliminated it with almost equal facility 
between the first and second, and the first and third ; or be- 
tween the first and third, and the second and third. It is 
obvious also that we might commence by eliminating either 
X or y, instead of z ; and each of these cases would admit of 
the same three variations. 

EXERCISES. 

(1.) X + y + z =• ^ Ans. rr = 2. 

X — y-f-« = 3 y = 3. 

X + y — aj=l ;r = 4. 

(2.) 2a;— 3y + 45? = 7 a; = 3. 

3a; — 2y + 2a; = 7 ^ = 5. 

4a; — 2y + 3a; = 14 a? = 4. 

(3.) 4a; + 3j/ — 2a; = 3 a; = 1. 

4a; — 3y + a; = 5^ = 3. 

2a; — 2y + 3aj = 11 z = b. 

(4.) 2a; — 5y-f- 3a;.^ — 1 a; = 6. 

3a; + 6j^ — 5;2 = 28 ^ = 5. 

bx — 4v — a; = 6 a: = 4. 
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(5.) X + y + z =15 Ans. rr = 5. . 

2;r — 5y + 3;2J = 16 y = 3. 

4i: + 3y — 5^ = —6 z = 7. 

(6.) 7x — 4y—2z = 5 x=: 5. 

Sx — 5i/ + 7z =z —13 y = 7. 

4ar + 2y — 3^ = 31 ;?; = 1. 

(7.) x+y + z+wz=14: ir=:4. 

2a: — y + 5? + w? = 12 y = 3. 

3a:+2y — ;r — m? =11 « = 2. 

— a; + 3y — a? + 2m? = 13 w = 5. 

(8.) ix^iy+iz =z 1 a: = 3. 

Ja: 4- fy — i"? = 4 y = 5. 

J« + i^ + 5i!f = 5 Z = 4:, 

Jy— 4^+l"?=2 w = 6. 



QUESTIONS PRODUCING SIMPLE EQUATIONS. 

(I.) What number is that whose double diminished by 5 
is equal to 7 ? Ans. 6. 

(2.) What number is that whose half and third part to- 
gether are equal to 10? Ans. 12. 

(3.) Find a number such that if 7 be taken from its 
double, the remainder shall be equal to 11. Ans. 9. 

(4.) Find a number, from whose double if 3 be taken, the 
remainder shall be equal to the required number increased 
by 2. Ans. 5. 

(5.) Find a number the third part of which exceeds the 
fourth part by 3. Ans. 36. 

(6.) There is a number, from which if 6 be taken, and the 
remainder multiplied by 6, the product is the same as that 
obtained by subtracting 4 from the number, and multiply- 
ing the remainder by 4. Find the number. Ans. 10. 

(7.) Find a number such that if its sixth part be added to 
the seventh part of its double, the sum shall be 3f less than 
the number itself. Ans. 7. 

(8.) Find a number such that if from the sum of its 
third, fourth, and fifth parts its half be taken, the remainder 
shall be 17. Ans. 60. 
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(9.) Divide 40 into two parts such that if one-tenth of 
the less be taken from one-fifth of the greater, the remainder 
is 5. Ans. 10 and 30. 

(10.) Divide 28 into two parts, of which the one shall be 
three-fourths of the other. Ans. 12 and 16. 

(11.) Divide 36 into two parts having the ratio of 7 
to 11. Ans. 14 and 22. 

(12.) Divide £5 among three persons, giving the first 5s. 
more than the second, and the second 10s. more than the 
third. Ans. The shares are 40s., 35s., and 25s. 

(13.) Divide 2 guineas among three persons, giving the 
first double of the second, and the third as much as them 
both. Ans. 7s., 14s., and 2l8. 

(14.) Divide £1 among four persons, giving the first Is. 
more than the second, the second Is. more than the third, 
and the third Is. more than the fourth. 

Ans. 3s. 6d., 4s. 6d., 5s. 6d., and 6s. 6d. 

(15.) The sum of exactly the same number of half-crowns, 
shiUings, and sixpences is £1 ; how many is there of each? 

Ans. 5. 

(16.) I have exactly the same number of sovereigns, half- 
sovereigns, shillings, and sixpences ; how many is there of 
each, the amount being 6 guineas ? Ans. 4. 

(17.) In paying an account of £6 in half-sovereigns and 
half-crowns, how many of each must be used, so that the 
number of the latter shall be double that of the former? 

Ans. 8 and 16. 

(18.) My purse and money together are worth £l, and 
the money is four times the value of the purse ; how much 
is there in it? Ans. 16s. 

(19.) My coat and hat together are worth £3, 10s., and 
the hat is one-fourth the value of the coat ; find the value 
of each. Ans. The hat is worth 14s., and the coat, 56s. 

(20.) A boy's age is one-fourth of his father's, and he has 
a brother one-fifth of his own age ; the ages of the three 
amount to 52 : find the age of each. 

Ans. 40, 10, and 2. 

(21.) A's age is double of B's, and B's is triple of C's ; 
the sum of all their ages is 100 : what is the age of each ? 

Ans. A's 60, B's 30, C's 10. 

(22.) A son's age is one-fourth of his father's, but three 
years ago it was one-sixth ; what is the age of each ? 

Ans. Son's, 7 j ; father's, 30. 
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(23.) A man at the time of his marriage was twice as old 
as his wife, but after 20 years her age was two-thirds of 
his ; what were their ages at marriage ? 

Ans. The woman's 20, and the man's 40. 

(24) The ages of two brothers differ by 2 years, and 
when added together amount to the age of their father; 
but if the father's age be increased by half that of the elder 
brother and one-third that of the younger, it will amount 
to 71 : what is the age of each? Ans. 24, 26, and 50. 

(25.) A boy is one-third the age of his father, and has a 
brother one-sixth of his own age ; what is the age of each, 
the ages of all three amounting to 50 ? 

Ans. 36, 12, and 2. 

(26.) The age of one of two brothers is double that of the 
other, and the one is as much above 12 as the other is below 
it; what is the age of each? Ans. 8 and 16. 

(27.) A's age is double that of B*s, and 10 years ago he 
was three times as old ; find A's age. Ans. 40. 

(28.) Five years ago A's age was three times that of B, 
but in five years more he will be only twice as old ; what is 
A's age? Ans, 35. 

(29.) The ages of A and B together amount to 100, but 
if B's age be doubled it will exceed A's by five years ; find 
the age of each. Ans. A's 65, and B's 35. 

(30.) A shepherd had in his flock four times as many 
sheep as lambs ; but having sold fourscore sheep, and bought 
onescore of lambs, the number of the former is now only 
three times that of the latter ; how many of each had he at 
first? Ans. 28 score of sheep, and 7 score of lambs. 

(31.) A post is one-fourth of its length in mud, one-third 
in water, and 10 feet above water ; what is its whole length ? 

Ans. 24 feet. 

(32.) Having paid away one-fourth of my money, and 
then two-fifths of what remained, I had £54 left ; how much 
had I at first ? Ans. £120. 

(33.) Having paid away half of my money, two-thirds of 
the remaining half, and three-fourths of what then remained, 
I had £10 left ; what had I at first ? Ans. £240. 

(34.) A class consists of three times as many boys as 
girls ; but when three of each have left, there remain four 
times as many boys as girls : how many of each are in the 
class? Ans. 27 boys and 9 girls. 

(35.) The product of two numbers is 80 ; but if the greater 
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be increased by 1, the product is increased by 8 : what are 
the numbers ? Ans. 10 and 8. 

(36.) Find two consecutive numbers such that three- 
fourths of the less shall be equal to two-thirds of the 
greater. Ans. 8 and 9. 

(37.) Find two consecutive numbers such that the sum 
of the half and fifth parts of the first shall be equal to the 
sum of the third and fourth parts of the second. 

Ans. 5 and 6. 

(38.) Find a fraction such that if 3 be added to its nu- 
merator it becomes ^, but if 1 be taken from its denominator 
it becomes J. Ans. ^. 

(39.) Find a fraction such that if 1 be added to the deno- 
minator, or if 1 be taken from both numerator and deno- 
minator, the resulting fractions are each = ^. Ans. ^y. 
i40.) Required a fraction such that if its numerator be 
ed to both numerator and denominator, the resulting 
fraction = }. Ans. }. 

(41.) Required a fraction such that if its numerator be 
increased by half its denominator, and its denominator by 
half its numerator, the resulting fraction = |. Ans. f . 

(42.) Required a fraction such that if m be added to its 

numerator it becomes >, but if n be added to its denominator 

., « c » bcfn + a,cn 

it becomes ^. Ans. -rz j— . 

a bam 4- ocn 

(43.) Required a fraction such that if its numerator be 
increased by m times its denominator, and its denominator 

by n times its numerator, the resulting fraction = ~. 

. a—~bm 

Ans. 7 . 

o — on 

(44.) Find two numbers whose sum = 40, and difference 
= 12. Ans. 14 and 26. 

(45.) Find two numbers whose sum = s, and difference 
= d. Ans. i(« + d)f J(« — £?). 

(46.) Divide a into three parts such that the first shall 
be m times as great as the second, and the second m timet 
as great as the third. 

m*a ma a 



Ans. 



l + m + »*' l + m+««' i+m + »'' 
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(47.) A farmer has 50 reapers, men and women ; the men 
are to receive 3s. each per day, and the women 23. 6d. ; their 
wages altogether amount to £7 per day: how many are 
there of each ? Ans. 30 men and 20 women. 

(48.) Give a general sohttion of the last question, sup- 
posing the number of reapers to be a, the wages of the men 
m shillings, and of the women n shillings per day, and the 
total amount p shillings per day. 

. p — an J aM — p 

Ans. men, and women. 

(49.) Divide the fraction ~ into two parts, the sum of 
whose numerators shall be equal to the sum of their deno- 

a — 6 — 1 ^ 6^+6 

b(b — 1) 

(50.) A certain number of pounds, half-crowns, and shil- 
lings together amount to £14, 10s., and the number of half- 
crowns is double that of the pounds, and half that of the 
shillings ; find the number of each. 

Ans. 10 pounds, 20 half-cr., and 40 shillings. 

(51.) If a be taken from n times a certain number, the 

remainder is = 6 : find the number. Ans. . 

' n 

(52.) Find a number whose m'*> and n*^ parts together 
= a. Ans. 



. , . a — 6 — 1 6«+6 — a 

mmators. Ans. .^ , and -^,- ^^.^v . 



(53.) Find a number the difference of whose nfi^ and n*** 
parts z= a, m being greater than n. Ans. 



m — n 



(54.) Find a number such that if a be subtracted, and the 
remainder multiplied by a, the product is the same as when 
b is subtracted from the number, and the remainder multi- 
plied by 6. Ans. a + h, 

(55.) Divide a into two parts, of which the one shall be the 
m**> part of the other. Ans. -4-t» and ^^, . 

(56.) Divide p pounds among three persons, giving the 
second m times, and the third n times as much as the first. 

a am an 



Ans. 



1 + ?/i + n' 1 + m + n' 1 + m + « * 
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(57.) A labourer is engaged for n days, on condition that 
he receives p pence for every day he works, and pays q pence 
for every day he is idle. At the end of the time he receives 
a pence ; how many days did he work, and how many was 
he idle? 

Ans. He worked "^ . ^ , and was idle "^"~^ days. 

(58.) At a certain election a persons voted, and the suc- 
cessful candidate had a majority of h votes ; how many voted 
for each? Ans. l{a+b), and J (a — b), 

(59.) If A can perform a piece of work in 8 days, and B 
in 12 days, how long will they take to finish it if they work 
both together? Ans. 4f days. 

(60.) If A can perform a piece of work in a days, B in 
b days, and C in c days, how long will they take working 
all together? a^^ abe 

ah-j^ae -^ be' 



CHAPTER V. 

INVOLUTION. 

43. Involution is the raising of a quantity to any required 
power. This is done by multiplying the quantity contin- 
ually by itself, till it has been used as factor as often as 
there are units in the index of the required power. 

EXERCISES. 

Raise each of the following quantities to the fourth 
power : 

(1.) 4a Ans. 256a*. 

(2.) Sax Sla^xK 

(3.) —a^b a^b^. 

fA \ "'* ***** 

^^•/ "67 • b^' 

^^•' Tb^ 24UU»c*" 
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(6.) 2a — a:. . Ans. 16a*— 32a»a:+24a«ar«— 8a«»+a:*. 
(7.) X—-. . . . :r* — 4a:« + 6 — 4a;-«+ar-*. 



44. By examining the successive developments of a bino- 
mial a + b ; viz.: 

2d power, a« + 2ab+b^ 
3d power, a' + 3a«6 + 3o6« + 6' 
4th power, o* + 4a56+6a«^«+4a^'+^* 
5th power, a^ + 5a^b+lOa^b^ + lOa^b^+5ab^+b' 

&c. &c. &c. ; 

it will be observed that the powers of a decrease, and those 
of b increase, by a unit in each successive term, and that 
the highest power of each is the same as that to which the 
binomial is raised. Also, if the coefficient of any term be 
multiplied by the index of a in that term, and the product 
divided by the number of terms reckoned from the com- 
mencement (that is, if it be the third term, divide by 3, — ^if 
it be the seventh, by 7, &c. &c.), the result is the coefficient 
of the next term. If both terms of the binomial be positive, 
all the terms of the expansion will be positive; but if one term 
of the binomial be negative, such as 6, the terms of the ex- 
pansion which contain the odd powers of b will be negative. 
Thus to raise a + 6 to the sixth power, the powers of a 
and b in the successive terms would be a®, a^b, a^b^, 
a^b^, a^b^^ ab^, and b^» The coefficient of the first term 
a® is 1, and by multiplying the index 6 by 1, and dividing 
by the number of terms 1, we get 6 for the coefficient of the 
second term; or as the multiplier and divisor are each 
unity, it is plain that the coefficient of the second term will 
always be the same as the index of a in the first. By mul- 
tiplying 6 the coefficient of the second terra by 5, the index 
of a in that term, and dividing the product by 2, the num- 
ber of terms, the result is 15, which is the next coefficient. 
Again, multiplying 15 the coefficient of the third term by 
4, the index of a in that term, and dividing the product by 
3, the number of terms, the result is 20, which is the co- 
efficient of the fourth term. Proceeding in the same man- 
ner, we would find that 
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(a + 6)« = a« + 6a«6 + 15a*6« + 20o'*» + 

the signs being all positive. Or in general terms, 

(a + 6)~ = a~ + na~-i6 + ^ ^^a"-^^^ H 

This is the celebrated binomial theorem ; and by means 
of it, a binomial may be raised to any power, without the 
trouble of the continued multiplication. As this theorem 
can be shown to hold for all powers, positive or negative, 
whole or fractional, it is capable of very extensive appli- 
cation. 

EXERCISES. 

Expand the following by means of the Binomial Theorem. 
(1.) (a + by. 

Ans. a^ + ea^b + Ua^b^ + 20u^b^ + 15a^b* + eab^ + b^. 
(2.) (a« — b^y. . a» — 4a«6« + 6a*6* — 4a«6« + 6». 
(3.) (a — ^)i. 

a^(l_4a-iA-^a-«6«-^a-36'-&c.) 

(4.) (a + x)i. 

^ ^2a^2.4a« 2.4. 6a»^ 2. 4. 6. 8 a* ^^ 

(50i^ = (i + ^)"'- 

1 — X + X^ — x^ + x^ — &c. 
(6.) (a«— 6«)-4. 

2-:^(^-2-3 + 2.3.4^+3.4.5^ + &c.) 

(7.) (a — a;)-*. 

(8.) 2i = (1+ l)i. . . l + J_J^ + ^_&c 
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(9.) 2i = (4 — 2)K 

(10.) V3 = (l + 2)*. 

l + i.2^^.4+,^i%.8-&c. 



EVOLUTION. 

45. Evolution is the extraction of any root of a given 
quantity. 

To extract any root of a simple quantity, divide the index 
of the quantity by the index of the root required. 

Note 1. Any odd root of a quantity will have the same sign as 
the quantity itself; but any even root of a positive quantity may 
be either positive or negative, and no even root of a negative quan- 
tity can be extracted. 

Note 2. Any root of a product may be found by taking that 
root of each factor ; and any root of a fraction by taking that root 
of both numerator and denominator. 

EXERCISES. 

Extract the square root of each of the following quantities : 

(1.) da^z^ Ans. ±:3ax. 

(2.) 100a«a;8yio ±10a»a:*y«. 

^ -^ 256*x« -^Sb^x^' 

Extract the cube root of each of the following quantities : 

(4.) 8a«6^« Ans. 2a«64. 

(5.) — 8a56» —2ab\ 

l^'J l25A^c«" STp"' 

46. To extract the square root of a compound quantity. 
(1.) Arrange the terms according to the powers of some one 
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of the letters, cominencing either with the highest or low- 
est power. (2.) Find the root of the first term, for the first 
term of the required root; and subtract its square from the 
given quantity. (3.) For a new divisor, take the double of 
the part of the root found, and divide the first term of the 
remainder by it, setting down the quotient for the next term 
of the required root, and annex this term also to the divisor, 
then proceed as in common Division ; and repeat the same 
process as often as may be necessary. 

EXERCISES. 

Extract the square root of each of the following quantities : 

(7.) a« + 2a6 + 6« Ans. a+b. 

(8.) 4a«— 12aa:+9a:« 2a — 3a:. 

(9.)^'-2 + J, ;t-l. 

(10.) 9 + 24a:— 68a;« — 112a;' + 196a:*. . 3 + 4a:— 14a?«. 

47. To extract the cube root of a compound quantity. 
(1.) Arrange the terms as directed above, and take the cube 
root of the first term for the first term of tiie answer. (2.) 
Subtract the cube of this term from the given quantity, and 
divide the first term of the remainder by three times the 
square of the part of the root found ; setting down the quo- 
tient for the next term of the answer. (3.) Subtract the 
cube of the binomial thus found from the given quantity ; 
and if there be a remainder, divide its first term by the same 
divisor as before, for the third term of the answer. (4.) 
Subtract the cube of the trinomial thus found from the given 
quantity, and if there still be a remainder, proceed in exactly 
the same manner as often as may be necessary. 

EXERCISES. 

Find the cube root of each of the following quantities : 
(11.) «» + 6a?« + 12a:+8. . . . Ans. 07+2. 

(12.) a5+3a«6+3a6« + 6» a+b. 

(13.) a«+6a« + 9a*— 4a»— 9a« + 6a— 1. a«H-2a— 1. 
(14.) 8a;«— 36aa:«+30a«a:*+45a'a:5— 30a*a;«— 36a«a:— 8a«. 

2a:«— 3aa;^2a«. 



47 



CHAPTER VI. 

SURDS OR RADICALS. 

48. Any root of a quantity which cannot be exactly de- 
termined is called a Surd or Radical, and sometimes an 
" Irrational Quantity" Thus J2 and ^4 are surds. 

Since the extraction of any root of a product may be per- 
formed by extracting that root of each of the factors, many 
surds may be much simplified by extracting the root of such 
of the factors as admit of it. Thus Ja^b=ia^ Jh ; ^1^^ = 

^36x1 = V36 V3 = 6 V3. 

EXERCISES. 

Simplify the following surds : 

(1.) ^a^x. . Ans ajx. 

(2.) (a» — a«6)^ a(a---h)^. 

(^\ (a x* — 2ajg-t-a \g x — l/o\i^ 

(4.) V75 5V3. 

(5.) V1728 24V3. 

(6.) V245 7^5. 

49. Any quantity may be reduced to the form of a surd 
by raising it to any power, and then indicating the corres- 
ponding root. Thus, a = V«* = V«') &c. &c. 2^5 = V^ 
V5 = V20. 2 J^3 = ^8 J^3 = !y24. 

EXEBCISES. 

Reduce each of the following quantities to the form of the 
square root, cube root, and n^ root : 

(7.) 2a. . . Ans. V4a«, S/So^, !5/2~a~. 

(8.) 2ai Via, ^8a^ ^2»aJ- 

(9.) a — 6. . . . %/(a-6)% V(a-6)5, ?^(a— 6)». 
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(10.) 4V6-i. . . . ^f . 7(¥)^ ;/(?):-. 

(11.) 3V5 V(135)', V135, «/(135)^* 

(12.) iil/4. ... V(4)"', 5/ J, ;;y(j)r. 



50. Quantities harin^ different indices may be reduced to 
equivalent quantities that shall have the same index, bj 
reducing the indices to a common denominator, then raising 
each of the quantities to the power denoted by the numerator 
of its index, and indicating the root denoted by the common 

denominator. Thus, a* + 6' = a* + 6l = (a3)» + (6«)i- 
25 + 3' = 2» + 3«=:(2')* + (3«)*' = 8» + 9». 



EXERCISES. 



Reduce the following quantities to others having a com- 
mon index : 

(13.) 2' and 3' Ans. 4»and27i. 

(14.) a« and a« (a*)» and aK 

(15.) a' and 6' (a«)" and (6*)^^ 

(16.) 2' and 5* 4* and (125)'. 



ADDITION AND SUBTRACTION OF SURDS. 

51. To Add or Subtract Surds; Reduce them if necessary 
to their simplest form, and proceed as with rational quan- 
tities. 

EXERCISES. 

(1.) V18 + V200+V32 Ans. 17^2. 

(2.) 2^18 — 3^8 + 2^50 10^2. 

(3.) iJi + is/i — U^O —2isJ5. 

(4.) S/32+yi08 — V256 ^4. 

(5.) ^a^—iJd^+^x^ (a_6+a:)A 
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(6.) VWa^x^V'mi'^ Ans. (2fl + 3a:)^/4i. 

(7.) (a'+2a2:r+flra;«)H(a'-2a«;r+ar«)^ 2a^. 
(8.) V243J— V7685+VS8i 4/3J. 



MULTIPLICATION AND DIVISION OF SURDS. 

52. The multiplication and division of surds are conducted 
on the same principles as the multiplication and division of 

rational quantities. Thus V« X V^ = a^J^ = (a6)^« 2^x3^ 
= 6*; a;^xa;3=a:5; 2^ x 3^ = 8'x 9^ = (72)». 

EXERCISES. 

Surds to be multiplied : 

(L) ^2x^5 Ans. Vio. 

(2.) 2^3X3^5 6n/I5. 

(3.) 2V«x3V&X2Vc 12^^. 

(4.) 2'X3«X4^' 2^3. 

(5.) Vi2ixV6^ Qx^2. 

(6.) U3-1)X(V3 + 1) 2. 

(7.) {x'^^2x-^x^^l){x^ + l). . . . a:«_;,l_;,_i. 

(8.) 2a*x3a^x4a' 24aTi 

(9.) (9+.w/17)J + (9 — V17)i 4. 

(10.) {(a +^)^ + (a— a:)i} x {(a + a;)^-(a~ar)^}. 2:r. 
(11.) (10 + ^19)' X (10— Vl9)i 3. 

(12.) U^a+^b+^c)y{^^'a+^b + ^c)x(^a 
— Jh + ^c) X (V«+ s/b — ^c). 

— a^—b^^c^ + 2{ah + ac + bc). 

Surds to be divided : 

(13.) V20-f-V5 Ans. 2. 

(14.) 4V81^3y3 4^ 



D 



50 SURDS OB BADIGALS. 

15.) 4^rt-f-2V« Ans. 2a^. 

17.) (V20 — V12)~(V5 — V3). . . 2. 

18.) (x + l+l)^{z^-l + ^). . . X^+l + TT^. 

19.){(l-;r)^+^}^{l + ^.}. (1-.:)^. 
20.) (V^— tV)-5-(l/fl — V*). . . a^+{ab)* + bi 



53. The square root of a quantity cannot be partly ra- 
tional and partly irrational. For if possible let ^fxz=:a + ^6, 
then by squaring these equals, z=:.a^ + 2a^h+b, and hence 

tjb = — , which is impossible. 

54. From this it follows that if an equation be of the form 
^+ v^y :=a+b+ \/c, the rational parts must be equal, and 
also the irrational parts, viz, z = a + b, and \/y = ^c. 

55. If a binomial surd be of the form a+ »Jh, one term 
being rational, the square root may be extracted thus : 

Assume {a + ,JhY =: Jx-^^y 
then by squaring, a+^6 = a;+2/+2 »Jzy 
and hence, (54.) x-\-y =a, and 2»Jxy = Jh. 

Squaring each of these equals, 
we get z^ + 2xy+y^ = a* ; and ^xy = h 



* .-. x^ — 2xy + y^ •=ia^ — 6; and a; — yz=i»Ja'^ — 6. 

But a;+2/ = «; 

hence :r = ^,^^*; andy^ "--^^;'-*) 



• The sign .*. is sometimes used as an abbreviation for " There- 
fore." 
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It thus appears that when a« — 6 is a perfect square, the 
square root of a+ ^6 may be expressed by a binomial, which 
may be found by assuming it = V«+^y, and proceeding 
as above, or by substitution in the general formula. 

If the surd be of the form a — ^/b, assume the root = Jz 
— Vy> and proceed as before. 

If the surd be of the form ^a^± s/hc^ or can be put 
under the form Jc[a±^b\ its square root may be found 
by first finding the root of a± ^^ and then multiplying the 
result by \Jc, 

EXERCISES. 

Extract the square root of the following surds : 

(1.) 4 + 2^3 Ans. 1 + ^3. 

(2.) 9 + 4 V5 2 + V5. 

(3.) 11-6^2 3-V2. 

(4.) 30-12^6. 3^2-2^3. 

(5.) V27 + V24 t'S + t/l2. 

(6.) 3^2 + 4 = 3^2 + ^16. . . . ^^2 + V8. 

(7.) z+2{x-l)^ l + (a:_l)i 

(8.) 2a—2{2ax—x^y^ a:*— (2a-a:)i 

56. A fractional surd may in most cases be much sim- 
plified by multiplying numerator and denominator by such a 
quantity as will render the denominator rational. Thus, if 

the denominator be of the form 6n, the multiplier is 6^- n; 

if it be of the form a» +: 6^, the multiplier is a^ zp h^ ; 

if it be of the form a»±6', the multiplier is a^qp^gja _^^l ; 

and if it be of the form aS ± 6^, first multiply by a^ ip 6*, 

then the result «*•—&* multiplied by a* + 6* will be rational. 

A general formula for all such multipliers may easily be 
proved, but it is seldom of use. 
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EXERCISES. 

Express each of the following fractions with a rational 
denominator : 

(i«) ^» •••••••• xxns* '~^ • 

(2.) 



,^ I t 9 • • • • • • • • • — ^— 

2V* 2b 



3>/ o 3 s/ab 

,,.. 2a 8.3'a 2.9 'a 

^"^-^ 3l "T""-""3~- 

(4.)^ 27W 

(5.) 1^3 ^ + ^^3- 

(60V3'V2 3(^3 -V2). 



^ -^ 3J2 + 2J3 



2J6. 



V 



(8.) («+_*)*_- («_rr*)* fl--(«'~^^)\ 

(9.) x4l 9^ + 6^ + 4'. 

^ 3> — 2' 

(10.) T — T 27' + 12'— 18^— 8^ 



CHAPTER VII. 

EQUATIONS CONTAINING SURDS. 

57. When an equation contains a surd, if, by transposi- 
tion or other operations, the surd be made to stand alone on 
one side of the equation, and both members be then raised 
to the power corresponding to the root expressed in the surd, 
an equation will be obtained which will be free of surds. 

If the equation contain more than one surd, the same pro- 
cess must be repeated as often as may be necessary. 
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EXERCISES. 

Resolve the following equations : 

(1.) V^=:3 Ans. xz=:d. 

(2.) 2 + Va? = 4 x = 4. 

(3.) >s/(« + 5) + 2 =;: 5 :r = 4. 

(4.) « + V(«« + 5) = 5. ..... x = 2. 

(5.) 3 + v'C^ + 9) = « « = 7. 

(6.) a:+v'(a;«+a^)=:^ ^ = — gF'- 

(7.)a:-v'(^«-a«) = 6 ^ = ^^'- 

{S.) x + a=^/{x^ + b^) ^ = — iF*- 

(9.) 2a: + y/{3x^ + Sl) + 8=i 5x-- 1. x=z9. 

(10.) 2a; + 6 = v/ (a:«— a«) + a:. . . . a; = — ^/'. 

(11.) 6a:-|- l=9a:— V(9«*-- 5). . . . a; = 1. 

{12.) ^{a^ + b^x)—c + dx = {b+d)x, . xz=i^^^\ 

(13.) V(«+5) = >s/« + 5 x-4.. 

[\L) J{x + a)=^x + a ^ = (1^^. 

(15.) >s/(aJ--9) + V(«— 12) = 3. . . a:=13. 

(16.) x/(a;«— 9) + 2 = V(«^^ + ll)- • • a? = lt5. 

(17.) 3V« + 4Va; — 5>s/« = 6. • • • a: = 9. 

(18.) (7 + a;)* = 7 — a;* a: = 9. 

(19.) V(2«— 3a) =z V2i — 3 V«- • • « = 2a. 

(20.) V^+ V(«^ — 5) = 10(a; — 5)-4 . a:=9. 

(21.) (7+a;)* — a:* = (3 + a;)* + «*. • ^ = ^ 

(22.) (2a;— 45)* = 3>s/l5 — V2i. . . a; = 30. 

(23.) V«+a/(« + «) = 2a(a;+a)-*. . a; = Ja. 

(24.) (a; + 4)* — (a; — 3)* = 4(a; + 4)- *. a; = 12. 
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(25. 

(26. 

(27. 

(28. 

(29. 
(30. 

(31. 
(32. 

(33. 

(34. 

(35. 
(36. 
(37. 

(38. 

(39. 

(40. 



*if. L — ^ Ang. a: = 8. 

(x+l)* + l 

V g-HV(10-8x) _ 2 ^ _ g 

VSor — V(10 — 3x) 

6 — V(x — g) __ ^ ^ — 1ft 

g -f Vj _ 6 + 3V* _ / g— 26 y 

{S + x)^z=2{l + x)^ + xK . . . x = i. 

Jx+ J{x—^ l--x) = 1. . . «=U. 

(1 4.a;)'+(l— a:)'=: 2'. . . . a; = 1. 



(x + 1)^4- (or- 1)^ _ 2 ^ _ 1^ 

(x + l)4-.(«— 1)* 

(X -f g)t -Kx - g )i ^^ ;r=i(a«+l). 

(j: + g)« — (jc — g)» 

(;i; + l)*_(a;— 1)* = [x^—iy. . a: = f -v/5. 
(o+a;)* + (o— a:)* = (o« — ar^)'. ar = a V^I^S". 
(a +a;)' — (a — a;)' = (a« — ««)i a? = ?a ^5. 
(a:« + a:)* + (a:« — a:)* = 2(a:« — 1)*. a; = | -^3. 
(a:^ + 2aa:)^ + (a:«-2aa:)* = ^^^j*. ^ = a ^8. 

a(l — :r«)*— a:(l— a«)* z= (a«— a:«)*. a; =a. 



* When an equation consists of two equal fractions, it may often 
be simplified by putting the sum of the numerator and denominator 
of the one fraction, divided by their difference, equal to the sum of 
the numerator and denominator of the other, divided by their dif- 
ference. 
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(41.) (^4.1)|-(x~l); = J. . . Ans. X = If. 

(* + l)« + (ar — l)* 

(43.) x—y = a«, and a:* — y* = 6. 

(44). 2a: + V'y = 12, and 4a;« — y = 96. . a: = 5, y=4. 

(45.) ir(y« + ^*^)* = %/13 x = 1. 

y{x^+z^)^ z=:2^10 y = 2. 

<a:« + 5r«)* = 3^5 i: = 3. 



CHAPTER VIII. 



QUADRATIC EQUATIONS. 

58. A Quadratic Equation, or an equation of the second 
degree, is one which contains the second power of the un- 
known quantity. An equation containing the second power 
<yrdy is called a pure quadratic, hut one containing hoth the 
first and second powers is called a compound quadratic. 

The resolution of pure quadratics, or of equations of any 
degree, containing only one power of the unknown quantity, 
is effected in precisely the same manner as in simple equations, 
except that at the conclusion the root corresponding to the 
degree of the equation is to he extracted. 

All compound quadratic equations may be reduced to the 

^^™ ax^ + bx^c, 

in which x is the unknown quantity ; a, 6, and c, known 
numbers ; a being positive, but b and c either positive or 
negative. 
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To resolve this general equation^ 

Multiply by 4a, Aa^x' + Adbx = 4ac 

Add 6«, 4o«ar2 + Aabx-^h^ = 6« 4.4ac 

Extract the square root, 2ax+b = ± \/{h^+Aac). 

Transpose h, and divide by 2a, x = ^^^ ^ — jL-f£2, 

Hence, to resolve an equation of the second degree, reduce 
it if necessary to the form ax^ + bx = c; then to find a:, to 
the coefficient of the lower power, with its sign changed, an- 
nex by the signs db the square root of the quantity obtained, 
by adding the square of that coefficient to four times the 
product of the coefficient of the higher power and the second 
member ; and, lastly, divide tlie whole expression thus found 
by twice the coefficient of the higher power. 

This is merely expressing the general formula, x = 

"~ — g -, in English; and in all particular examples 

the value of the unknown quantity may be found either by 
following the above directions, or by simply substituting the 
values of a, 6, and c, in this general expression. Thus, 

Let 6«* — 11a: = 10 be the given equation. Comparing 
this with the general equation ax^ + bx-^c, we find that 
a = 6, ^ = — 11, and c = 10. Hence, by substitution, 

_ n±v/( l gl 4-240) 
^ "" 12 ' 

in- 19 

.-. a: = 2Jor — f. 

There are therefore two values for x; and that this is al- 
ways the case appears from the general formula, which will 
give one value for x when the surd is taken positive, and 
another when it is taken negative. But as it admits of no 
other variety, there can be only two values. 

Also, if c be negative, and 4ac greater than 6«, the ex- 
pression \/{b^ + 4ac) becomes the square root of a negative 
quantity, which is impossible. In this case, therefore, there 
are no values of x which will satisfy the required conditions. 
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59. When the coefficient of the lower power is an even 
number, the general equation may be put under the form 

ax^ + 2bx = c, where b denotes half the coefficient 

Multiplying by a, a^z^ + ^abx = ac. 

Adding 6«, a^x^ + 2a6a: + ^^ = 6« + oc. 

Extracting the square root, oar + ^ = + ^/{b^ + «c). 

Transposing b, and dividing by a, a: = "" ~^ —» 

By means of this formula the values of x in this case may 
be obtained rather more easily than by the other, and it may 
be expressed in English as follows : 

To find X ; to half the coefficient of the lower power annex, 
by the signs +, the square root of the quantity obtained by 
adding the square of this half-coefficient to the product of 
the coefficient of the higher power, and the second member ; 
and, lastly, divide the whole by the coefficient of the higher 
power. 

It may be observed that all quadratics may be resolved 
by either formula, the latter being preferable when the coef- 
ficient of the lower power is an even number. 

Note. In addition to the general rules exemplified in (40.) and 
(41.), various expedients are often employed, by means of which 
equations may be simplified, and much more easy and elegant solu- 
tions obtained. A thorough knowledge of these, however, with skill 
and dexterity in applying them, can only be acquired by extensive 
practice. The following are some of the more generally useful i — 

(1.) An equation may often be simplified by the addition or sub- 
traction of unity on both sides, or by subtracting both sides from 
unity, 

(2.) By transposing all the terms to one side, resolving the ex- 
pression thus found into two or more factors, and putting each factor 

aO. 

(3.) When there are two unknown quantities equally involved in 
both equations, the sum and difference of two other unknown quan- 
tities may be substituted for them. 

(4.) When the sum of the dimensions of the unknown quantities 
is the same in every term of both equations, we may substitute for 
one of the unknown quantities the product of the other and a third. 

EXERCISES. 

(l.)y + y = ^ + 2J An8.a; = ±2. 
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(2.; 
(3.; 

(5.; 

(6.; 
(7.; 

(9.: 

10.; 
11.; 
;i2.; 

15.; 

>6.; 
;i7.; 

;i8.; 

;20.; 
;2i.; 
22.; 
[23.; 

[24.; 
;25.; 
[26.; 

;27.; 

(28.) ^; _ 
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3««— y=:54 — 2a:«. Ans. =:±V12 = ±2V3. 

(;i; + 1)« = 2(:r + 5) x = ±3. 

{x+3y = 6x+2x^ ar = ±3. 

5 5 

n^+r:i^ = ~^ a; = ±V6- 

3ic« — ^^^4— =ar« + — g— I . a: = ±2. 

x^=Lix — Z :r = 3, orl. 

a:« = 6— a: a; = 2, or — 3. 

:r« — 6a: = 10 — 2a: ar = 5, or — 2. 

a:« + 8a: = 2a: — 8 a: = — 2,or— 4. 

6a: — a:« = 5 a: = 5, orl. 

6ar«=:5a:— 1 a? = i, orj. 

a:«+y = 2 a: = i,or — 4. 

15a: — 8a:« = 4J a: = |, org. 

y + -3=J a:=|,or— 2. 

a:« ^ 5a; + 6 = 0. a; = 3, or 2. 

Ja:*- Ja: — f = a:=:f, or — 1. 

lla:« + 6 = ^ a: = i,or^V 

80a:« + 18a: + 1 = x =— J,or— ^'5. 

|a:« — |a: = | a: = i,or — }. 

2a:* — 3a:« = 20 a: = ±2, &c. 

X + 2Va? = 15 a: = 25, or 9. 

a.6 _ 30a:3 = — 81 a: = 3, S/3, &c. 

:r*_2a:-* = l a: = 4, orl. 

5(a.«_l)_4(3a: — 2) + 1 = 0. a: = 2, or|. 

4(a; — 2)« — l = 5(a:+ 2). . . a: = 5, or J. 

|(a;«— 4) = 5(a:— 1) a: = 4,or0. 

: T-; = 1 «; = 2±a/5. 
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(29.)^+^ = 2^ . . . Ans. ar = 5, or 2f . 

(30.) 2^ + si = 4 a: = 2i,orl. 

(31-);riri-^'=5 « = 2,orJ. 

(33.) 3{2 — x) + 2{3 — x) = 2{4: + Sz^). a; = i, or — IJ. 
(34.) a:2 + l + (a:+l)' = (j? + 2)(a:+3). ar = 4, or — 1. 

^^^'^2^=S(^^ 2: = 3,or-i. 

(^^•) 3T= - 3T2^ =^'^ a: = 3,ori. 

(37.) (a;+ 3)« — 12=a: + 3. . . . « = 1, or — 6. 
(38.) 5a;« — 5(6 — «)« = 24a;(6 — x). . a; = 5, or — J. 

(3^-) '-^ -- g=^-; = 3. . . . x = 2i,ov-l 

/Ai\\ 2* + 3 16 gjT — 3 ^ - 

(^^•) i^^Hs - l5 = 2:r:f^- • • • ^ = 6,or-i. 

(41.) X + ^Ax-j- 1 = 11 a: = 6, or 20. 

(42.) 3« — 2V(a: — 2) = 27 a: =11, or 7 J. 

(43.) (x + 3)* + (a; — 3)* = (3ar+3)*. a; = 5, or — 3. 
(44.) 2V(3a; — 5) = 3 4- V(5a:— 1). . a;=10,orig. 

(45.) V("i=^)"(^^=2)+V(a:— 3)(a:-4)=V2. x = 2, or 3. 
(46.) z^ — J{x^ — 7) = 13 ar = ±4, &c. 

(47.) a:«—ar— 3V(3a:«— 4a;+l)=^— 7. « = 3,or-- J,&c. 

(48.) 5ar — 3Va?=14 a; = 4, orJ|. 

(49.) a;« = 31 + ^{x* — 11). . . . a;=±6,or±3V3. 

(50.) 2ir — V(2a: + 6) = 6 a: = 5, or J. 

(51.) 3a:«+2V(2a:«— 3a:+7)=a;«+3a;+17. a: = 3, or— |,&c. 
(52.) 9a;— 4a;«+v/(4a:« — 9a; + ll) = 5. a: = 2, or^, &c. 
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A ng 

(53.) Sx(3^x) = ll—4.^(x^ — Zx+5y a:=i(3±V5),&c. 
(54.) a;' — 5a:-3 = 4 a; = J/5, — 1, &c. 

(55.) 3(« + 5)' — 2(ar+ 5) - ' = 5. . a: = 3, or — 5j^j. 

{56.)^+ax-'n = b ^^( 6-^V(A«-4a) jl 

(57.) ^^f^^ = 4a a: = 3a,or2a. 

(58.) V(a + ^) + J(a — x)=z ^^[f^^ y a? = fa, or fa. 

(59.) ;7fa^,) + ;~=^.) = 2Va. ^=±a(±8V2-ll)*. 

(60.) x^ + 2ay/{x^'{-ax—a^) = 4:a^-'ax. a:=a,or— 2a,&c. 

(61.) 2(ir«--aar) — ^(jc* — aa: — a«)*=a(4a— 1). 

a: = 2a, or — a,&c. 

(63.) ar« +^« = 34, and ay = 15. a: = ±5 ; y = ±:3. 
(64.) ar«— y« = 27,anclay— 5^«=9. a: = ±6; y = ±3. 
(65.) a;«+y2 = 20,anda:+y=:6. a; = 4, or 2; y = 2, or 4. 

(66.) a; + y=:a a:= Ja±: -J («* — **)*• 

4ay=:^« y= Jaqpj(a«— 62)', 

(67.) ««+y« =:a« ar = ^6 ihK^^''— *^)*. 

a; + y = 6 y = J6ZF:J(2a«^^«)^ 

(68.) a:«— ay=:ay ^= a-6 ' 

xy—y^ — hx y= a--.6 ' 



a 



(69.) a;* — y« = a x—±h v'^i^^ 

; = ^ y = ^v^fcTZTT- 
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Ans. 
(70.) a?5 +y'= 133, and a:+y = 7. a:= 5, or 2 ; y = 2, or 5. 

(71.) a:'— j^' = 117, anda:— ;y=3. a:=5,or— 2;y=2,or— 5. 

(72.) a;*+y* = 1297, and2'y = 6. a:=±6,&c.; j^=z±l,&c. 

(73.) a:4—y*=240,andic— y=2. a:=4,&c.; 5r=2,&c. 

(74.) x^ + t/^=a,x^ + z^ =:6,andy« + -8« =c. 

/fl+i — c\4 _L_/a — 6+c\4 / — a+A+c \i 



QUESTIONS PRODUCING QUADRATIC 

EQUATIONS. 

(1.) Find a number which is less than its square by 6. 

Ans. 3, or — 2. 

(2.) What is the number, to which if its square and 
cube be added, the sum is equal to thirteen times the num- 
ber itself? Ans. 0, 3, or — 4. 

(3.) Find two square fields having the sum of their areas 
an acre, and the difference of their sides 8 perches. 

Ans. The sides are 4 and 12 perches. 

(4.) Find a number such that if it be increased by 5, and 
diminished by 2, the product of the results may be 60. 

* Ans. 7, or — 10. 

(5.) Find a number such that if it be diminished by 5, 
and increased by 2, the product of the results may be 60. 

Ans. 10, or — 7. 

(6.) Required a number such that if 5 be taken from its 
double, and 11 from its treble, the product of the remainders 
may be 20. Ans. 5, or I J. 

(7.) Required a number such that if 2a be added to it, 
and 26 subtracted from it, the product of the results may 
be 3a* + 2ab. Ans. a + 26, or — 3t. 

(8.) Find a number such that if 12 be subtracted from its 
double, and the remainder multiplied by the number itself, 
the product shall be 14. Ans. 7, or — 1. 

(9.) Find a number such that if it be multiplied by w, 
and a subtracted from the product, the remainder, multi- 
plied by n times the number itself, shall be equal to 6^. 

Ans. -±^(f +*''). 
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(10.) Divide 20 into two such parts that the sum of 
their squares shall be 208. Ans. 12, and 8. 

(11.) Divide 210 into two such parts that the one is the 
square of the other. Ans. 14, and 196. 

(12.) Divide a into two parts such that the one is the 

square of the other. Ans. —^±^0^'^^) ^ 

(13.) Find two consecutive numbers whose product is 
552. Ans. 23, and 24. 

(14.) Divide 18 into two such parts that twice the square 
of the greater shall exceed three times the square of the less 
by 95. Ans. 11, and 7. 

(15.) Divide 60 into two such parts that their product 
shall be to the sum of their squares in the ratio of 2 to 5. 

Ans. 20, and 40. 

(16.) Divide 225 into two such parts that the sum of 
their square roots shall be 21. Ans. 144, and 81. 

(17.) Find two numbers whose difference is ^^g, and the 
difference of their reciprocals J. 

Ans. §, and f ; or — §, and — |. 

(18.) Find two numbers whose sum is 52, and whose 
product is three times the cube of the less. 

Ans. 4, and 48 ; or — 4^, and 56^. 

(19.) Find two numbers, each consisting of two digits, 
and such that their difference shall be twice the unit figure 
of the greater, their sum five times the product of the digits 
of the greater, and their product 384. Ans. 16, and 24. 

(20.) A grazier bought a number of sheep for £40, 168., 
and sold them again at £1, 15s. 6d. per head ; he gained 2s. 
more than one sheep cost him ; how many did he buy ? 

Ans. 24. 

(21.) A grazier bought a number of sheep for £60 ; re- 
serving 15, he sold the remainder for £54, and gained 2s. 
per head ; how many did he buy ? Ans. 75. 

(22.) Find four consecutfve numbers such that if the first 
two be taken as the digits of a number, tbat number is tbe 
product of the other two. Ans. 1, 2, 3, 4 ; or 5, 6, 7, 8. 

(23.) Find three consecutive numbers such that if the 
last be multiplied by the sum of the other two, the product 
is equal to the number expressed by the first and last taken 
as digits. Ans. 3, 4, and 5 ; or 0, 1, and 2. 

(24.) A person bought a number of sheep for £150; and 
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if he had got 20 more for the same money they would ^have 
cost him 5s. a-piece less ; required the number of sheep, and 
the price of each. Ans. 100 at 30s. 

(25.) Divide a given line a, into two such parts that the 
rectangle contained by the whole and one of the parts may 
be equal to the square of the other. 

Ans. a — - — , and a — g^— . 

(26.) Find a fraction which is greater than its square by 
\, Ans. \. 

(27.) A person divided £5 equally among some poor 
people; but if he had given them Is. a-piece less, he would 
have relieved 5 more ; how many were there ? Ans. 20. 

(28.) A general having drawn up his army in the form of 
ten equal solid squares, finds he has 640 men to spare ; but on 
diminishing the side of each square by 3 men, and attempt- 
ing to form 12 such squares, he finds he wants 172 men to 
complete the last : of what number did his army consist ? 

Ans. 20,000. 

(29.) Find two numbers whose sum is 7, and the sum of 
their fifth powers 1267. Ans. 3, and 4. 

(30.) Find two numbers whose sum is 5, and the sum 
of their third powers 35. Ans. 2, and 3. 

(31.) Find two numbers whose product is 8, and the dif- 
ference of their third powers 56. 

Ans. 2, and 4, or — 2, and — 4. 

(32.) Find two numbers such that the cube of their sum 
shall exceed the sum of their cubes by 210, and the digier- 
ence of their cubes shall exceed the cube of their difference 
by 90. Ans. 5, and 2. 

(33.) Solve the last exercise in general terms, using a in- 
stead of 210, and b instead of 90. 



Ans ' /(^^ti)I and ' A""^)' 
^^^- V 6(a-*y V W^Th) 



(34.) The product of two numbers is 80, and if one of 
them be increased by 6, and the other diminished by 3, the 
product of the results is the same. 

Ans. 8, and 10, or — 5, and — 16. 

(35.) Find two numbers whose sum is 8, and the sum of 
their fourth powers 706. Ans. 5, and 3. 
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(36.) Two trains start at the same time to perform a jour- 
ney of 156 miles; one of them, by travelling a mile an hour 
faster than the other, arrives at its destination an hour be- 
fore the other : at what rate did each travel ? 

Ans. 13 and 12 miles per hour. 

(37.) A farmer bought three flocks of sheep for £197, 8s. ; 
each sheep cost as many shillings as there were sheep in the 
other two flocks : how many were in each flock, there being 
2 more in the second and 3 more in the third than in the 
first? Ans. 24, 26, and 27. 

(38.) Two trains start at the same time from the opposite 
termini of a railway, and when they meet it is found that one 
has travelled 60 miles more than the other, and by continuing 
to travel at the same rates the one will finish the journey in 
4 hours and the other in 9 hours from the time of meeting ; 
what is the length of the railway, and the rate of travelling 
of each train ? 

Ans. Railway 300 miles, and the rates 20 and 30 miles 
per hour; or 12 miles, and the rates 6 and — 4 miles per hour. 

(39.) Two trains start at the same time from the opposite 
termini of a railway, and when they meet it is found that 
the one has travelled twice as many miles per hour as the 
number of hours they have travelled ; that the other has 
travelled 8 miles an hour faster, and will finish the whole 
journey in 21 hours; find the length of the railway, and the 
rate of each train. Ans. Railway 672 miles, and the rates 
24 and 32 miles per hour. 

(40.) A general having drawn up his army in the form 
of 6 solid squares, finds he has 634 men to spare ; but by 
making the squares hollow, leaving only the three outer 
ranks, he finds he can form 42 such squares, with 688 men 
to spare : find the number of his army. Ans. 40,000, 



RELATIONS OF THE ROOTS OF QUADRATIC 

EQUATIONS. 

60. Resuming the consideration of the general equation 
ax^ + bx = c, we may now proceed to point out some of the 
more important relations of the roots of quadratic equations. 

Dividing by a, we get x^ +-ar=-, or putting -=2m, and -= n, 

a:* + 2ff?a: = n,'where m and n may be 
any numbers, whole or fractional, positive or negative. 
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61. As before, we get a? = — m± s/ifn^ + n); from 
which we infer, that since the surd part may be either posi- 
tive or negative, there must be two roots or values of the 
unknown quantity in every quadratic equation, but only 
two. 

62. If n be positive, the surd part will be greater than w, 
and one root will therefore be positive and the other negative. 

63. If n be negative, and less than m^, the surd part will 
be less than m; and in this case the roots will be both 
positive when m is negative, but both negative when m is 
positive. 

64. If n be negative, and equal to m^, the surd part will 
vanish, and the roots will each be — m. 

65. If n be negative, and greater than m*, both roots 
are imaginary ; but both roots are real when n is positive, 
or when it is negative, and not greater than m*. 

66. Since the two roots are — m + ,J{m^ + n), and 

— m — a/(w* + n), by adding these roots we get — 2m; 
that is, the sum of the roots is always equal to the coefficient 
of the lower power with its sign changed. 

67. Since by multiplying the one root by the other we get 

— n, the product of the two roots is always equal to the 
second member with its sign changed. 

68. Since x = — m+^{fn^ + n), and x = — m — >J{fn^ + w), 
or, by transposing, 

x+m — V(m« + w) = 0, and :r + m + ^(m^+n) = 0, 
by multiplying, x^ + 2mx — n = 0, or x^ + 2ma? = n, which 
is the original equation ; and hence, if each root be attached 
to X with its sign changed, the product of the results put 
equal to will be the original equation. 

69. Conversely, if it be required to find the factors of any 
given quantity of the second degree, put it equal to 0, and 
find the roots of the equation ; these roots being attached to 
X with their signs changed will be the factors required. 

If the given quantity be of the form ax^ + hx + c, the 
factors found as above would be those of ? or of 

a 

x^ + -X + -] one of them must therefore be multiplied by 

a, or one of them by one factor of a, and the other by the 
other factor of a ; or, in other words, they must be cleared 
of fractions. 

£ 
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EXERCISES. 

Resolve the following expressions into factors : 

(I.) x^—iz + A Ans. (« — 3) {x—l). 

(2.)a;«+a; — 6 (a; — 2) (ar + 3). 

(3.) ar« — 5a; + 6 (a; — 3) (a; — 2). 

(4.) 2a;«— 3ar— 5 (2a; — 5) (ar + 1). 

(5.) 16a;« — 18a; — 9 (2a; — 3) (8a; + 3). 

(6.) a; + 2 a;* — 15. ....... (a;* + 5) (a;* — 3). 



CHAPTER IX. 

ARITHMETICAL PROGRESSION. 

70. A series is said to be in Arithmetical Progression^ of 
to be equidifferent, when each tenn after the first is found 
by adding a constant quantity to the term immediately pre- 
ceding it ; and this constant quantity is called the Common 
Difference of the series. 

71. If the common difference be positive, the series is an 
ascending one ; but if negative, it is a descending one. Thus 
1, 3, 5, &c. is an ascending sepes, whose common difference 
is 2 ; and 12, 9, 6, &c. is a descending one, whose common 
difference is — 3. 

72. In every series, of whatever kind, the first and last 
terms are called the extremes, and the intermediate ones, 
the means. 

73. Let us assume Z^, Z^, /,, /4, • • • /n-i) 4; to ex« 
press the terms of an arithmetical series, t^, and tn, being 
the extremes ; and let n denote the number of terms, d the 
common difference, and Sn the sum of n terms. 

Then since each term after the first is found by adding 
d to the preceding one, the series may be written thus : 

ii, fi + df ti+2d, ti-i-Sd, . . . /j + (n— ly. 
Hence /« = /i + {n — l)rf. 
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This equation contains the four quantities tnjfi, n, and d^ 
and by means of it any one of them may be found when the 
other three are known. 

EXERCISES. 

(1.) Prove that «i = <« — (n — l)e?. 
(2.) Prove that d = ^^=-V- 

^ ' n — 1 

(3.) Prove that n = ^-^^^^J—- 

(4.) Find the 50th and the 150th terms of the series 
1, 3, 5, &c. Ans. 99, and 299. 

(5.) Find the 22d and 52d terms of the series 100, 97, 
94, &c. Ans. 37, and — 53. 

(6.) Find the 17th and 54th terms of the series 80, 76, 
72, &c. Ans. 16, and — 132. 

(7.) Find the 365th term of the series x+2x+3x, &c> 

Ans. 3Q<>x^ 

(8.) Find the 999th term of the series a+x, a+2x, &c. 

Ans. a + 9ddx. 
(9.) Find the 47th term of the series J, 1, 1§, &c. 

Ans. 31. 

(10.) The last term of an arithmetical series is 120, the 
number of terms 40, and the common difference 3 ; find the 
first term. Ans. 3. 

(11.) The extremes of an arithmetical series are '6 and 
79, and the number of terms 50; find the common differ- 
ence, Ans. 1*6. 

(12.) The extremes of an arithmetical series are 2'5 and 
121*3, and the common difference 1*2 ; find the number of 
terms. Ans. 100. 

(13.) Find two arithmetical means between 4 and 13. 

Ans. 7, and 10. 

(14.) Find 20 arithmetical means between 1 and 2. 

Ans. Ig^, ly\, lg\, &c. 

(15.) Find an arithmetical series whose fourth term is 3, 
and the sum of the first and second also 3. 

Ans. IJ, IJ, 2f, 3, &c. 
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74. To find the sum of an arithmetical series, we have, 
according to the notation ahready adopted, 

. . . +{f^ + (n_2y}+ {«, + (n — l)<i}. 
Or Fn = {ti+{n'^l)d} + {t, + {n—2)d}. . . 

...(«! + 2d) + («i +d) + h. 

Hence by Addition, 
25„ = {2«i + (n— !)</} + {2*1 -|-(n—l)i} . . to n terms. 
Or 2sn = nj2«i + (n — l)d]. 

.-. ^« =^{2«i + (n— l)d}. 

Or fn =^(<i + «n). 

It appears from the above that the sum of the extremes is 
equal to the sum of any two terms equally distant from 
the extremes. 

EXERCISES. 

(1.) Prove that f„ = !!^n:^. 

(2.) Prove that (^ = !!-=!!^. = g».-"^»-l)J 

(3.) Prove that » = ;^ = '^»«.±V(<^---4^.>^-f4«'.+8<fe,) ^ 

(4.) Find the sum of 45 terms of the series whose first 
term is 3, and the last 179. Ans. 4095. 

(5.) Find the sum of 50 terms of the series 4, 7, 11, &c. 

Ans. 3875. 

(6.) Find the sum of n terms, and thence the sum of 20 
terms of the series 1, 3, 5, &c. Ans. n^, and 40 ). 

(7.) Find the sum of n terms, and thence the sum of 20 
terms of the series 1, 2, 3, &c. Ans. ^n{n+ 1), and 210. 

(8.) Find the sum of all the odd numbers between 100 
and 1000. Ans. 247,500. 

(9.) The sum of 20 terms of an arithmetical series is 1240, 
and the first term is 100 ; find the last term. Ans. 24. 

(10.) The extremes of an arithmetical series are \ and 
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12}, and the sum 890; find the number of terms and the 
series. ^ Ans. 60, and ^^g, ^^^, JJJ, &c. 

(11.) Given the common difference, double the first term, 
prove that the sum of n terms is n^ x the first term : that 
is, when <:? =. 2 *i, «« = n**^. Thence find how far a falling 
body would descend in 11 seconds; it being known that it 
descends 16*1 feet in the first second, 48*3 in the next, 80*5 
in the third, and so on. Ans. 1948*1 feet. 

(12.) How far would a falling body descend in 17 seconds, 
and how far in the 17th second? 

Ans. 4652-9, and 531*3 feet. 

(13.) Given the sum of 3 terms = 15, and the sum of their 
squares = 93 ; to find the series. 

Ans. «i = 2 or 8, and d = it 3. 

(14.) A messenger sets out at the rate of 30 miles a-day, 
but falls off in his speed 4 miles daily. Four days after- 
wards, another sets off from the same place on the same 
route, travelling 50 miles the first day, but falling off like 
the first 4 miles daily. After what time will one overtake 
the other? Ans. 6§ days. 



GEOMETRICAL PROGRESSION. 

75. A series is said to be in Oeometrical Progression^ or 
Continual Proportion^ when each term after the first is found 
by multiplying the one immediately preceding it by a con- 
stant number, and this multiplier is called the Common Ratio 
of the series. 

76. If the common ratio, without regard to its sign, be 
greater than unity, the series is an ascending one ; but if it 
be less than unity, it is a descending one. Thus, 1, 3, 9, &c. 
is an ascending series whose common ratio is 3 ; and 1 — ^ 
+i — i + ^^' ^ ^ descending one whose common ratio is 

77. Retaining the same notation as before, let us assume 
^ij^ajhi • * • tn~i,tn,to express the terms of a geometri- 
cal series, t^ and t^ being the extremes, and let n denote the 
number of terms, r the common ratio, Sn the sum of n terms, 
and 8^ the sum of an infinite number of terms. The sym- 
bol » being used to denote a quantity infinitely great. 

Then, since each term after the first is found bv multiply- 
ing the preceding one by r, the series may be wntten thus : 
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Hence tn = r""~'<i. 

This equation contains the four quantities t, , f«, n, and 
r ; and by means of it any one of them may be found when 
the other three are known. The finding of n, howeter^ re-- 
quires the use of Logarithms, 

EXERCISES. 

(1.) Prove that t^ =-^i, and r = (j)^-^' 

(2.) Find the common ratio in the series 2, 6, 18, &c. 

Ans. 3. 
(3.) Find the common ratio in the series i, |, $, &c. 

Ans. ' |. 

(4.) Find the 12th and 17th terms of the series ^ — ^+ J, 
&c. Ans. — 5^5^g^, and tsi^jts- 

(5.) The 6th term of a series is ^f^, and the common ra- 
tio ^ ; find the first term. Ans. 2. 

(6.) The 1st term is 12, and the 10th yf ^ ; find the series. 

Ans. 12, 6, 3, &c. 
(7.) Find the geometric mean between 9 and 16. 

Ans. 12. 
(8.) Insert two geometric means between 1 and ^. 

Ans. I and J. 
(9.) Insert two geometric means between 2 and — 54. 

Ans. — 6 and 18. 
(10.) Insert three geometric means between 2 and 32. 

Ans. 4, 8, 16 ; and — 4, 8, — 16. 
(11.) Insert four geometric means between»4 and |. 

Ans. 2, 1, i, i* 
(12.) The sum of the first two terms is 4^, and the sum 
of the next two 1| ; find the series. 

Ans. f 1 =r 3 or 9, and r = ± i* 



78. To find the sum of a geometric series, we have 

«n = «i + r<i + r««i. . . . + r»-««, + r*~H^. 
Multiplying by r, rsn^rt^+r^^+r^t^. . +r^H^+f^t^. 

Subtracting, rsn — «n = ^^^j — *i» « 

XT * »* — 1 . i — m 

Hence s^ = ty^r_ i = ^i::rr ' 
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The first fonn is best adapted for ascending series ; the 
second is deriyed from it by multiplying numerator and de<- 
nominator by — 1, and is best adapted for descending series. 

79. If r be less than unity, the quantity r" becomes less 
and less as n increases ; and by taking n large enough, it 
may be made less than any quantity that can be assigned. 
Hence, if n be taken infinite, r» becomes = 0, and therefore 
the formula 

Sn = t. -~" becomes 

*• — 1— r' 

From which it appears that to find the sum of an infinite 
number of terms of a descending geometrical series, we have 
only to divide the first term by the excess of unity above the 
common ratio. However great a number of terms of the 
series be taken, their sum will never actually amount to 

j-^, but may be made to approach as near to it as we 
please. 

ELEGISES. 

Find the sum of each of the following series : 

(1.) 1, 2, 4, 8, &c., to 8 terms. . . . Ans. 255. 

(2.) 4, 3, j, &c., to 10 terms ^^bV^SV 

(3.) ^, \f J, &c., to infinity 1. 

(4.) 1, — ^, ^, &c., to 9 terms and to infinity. • J^} & J. 

(5.) -333, &c., to infinity. i- 

(6.) '4545, &c., to infinity ^. 

(7.) -234234, &c., to infinity ^^\. 

(^•) ^IS' 2~^' i' ^^'> *^ infinity. . , . 4 + 3^2. 

(9.) The first term of an infinite geometric series is 1, 
and each term is equal to the sum of all that follow it ; find 
the series. Ans. 1, ^, ^, &c, 

(10.) The sum of an infinite geometric series is ^, and 
the sum of the first two terms is ^ ; find the series. 

Ans. I, — i, f , &c. ; or ^\j ^j, ^\%, &c, 



72 GBOtMETSICAL FBOGKEBBIOR. 

(11.) lliere are 4 nnmbers in aritlimetical pn^ressioii, 
whkli, bong increaned lespectiTelj by 1, 1, 2, and ^, are 
in geooietriail progression; find the nnmbere. 

Ans. 3, 5, 7, 9. 

(12.) Find the nth term, and the sum of m temis of the 
aeries a+a, 2a+a'9 to+a', 4a+a^^ &c 

Ans. na+a^j and i*(«+l)«+«-^^^j* 

Find the nth tenn and the sum of n terms of each of the 
following series : 

(13.) 1, 3, 7, 15, &c . Ans. 2"— 1, & 2(2"— 1)— m. 
(14.) — 1, 1, 5, 13, &c . . 2*— 3, & 2(2«— 1)— 3n. 

. 2»+2, &2(2»— l)+2n. 

. 2» + »— 2, & 4(2«^1)— 2n. 

2«— n, & 2(2«^1)— in(n+l). 



(15.) 4, 6, 10, 18, &e. . 
(16.) 2, 6, 14, 30, &c. . 
(17.) 1, 2, 5, 12, &c . 

(18.) I, «, H, f !, &C- . 



(19.) A horse is sold for a farthing for the first nail in his 
shoes, 2 farthings for the next, 4 for the next, and so on, 
doubling for eyery nail ; find the price of the horse. 

Ans. £4473924, 5s. 3|d. 

(20.) Suppose it were possible to pay 1 grain of wheat for 
the first square of a chess-board, 2 for £e next, 4 for the 
next and so on, donbling for each of the 64 squares * how 
many bushels would it amount to, allowing 7680 grains to 
the pint? And supposing Europe to contain 1,000,000 
square miles of arable land, how many years would it take 
to grow it if the whole were in crop, and each acre produced 
on an average 40 bushels per annum? 

Ans. 37529996894754 bush, and 1466 years. 
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CHAPTER X. 

PERMUTATIONS AND COMBINATIONS. 

80, Permutations denote the different orders in which any 
quantities may be arranged ; Combinations denote the dif- 
ferent collections that may be formed out of them, without 
regard to the order in which they are placed. Thus ab and 
ba form different permutations, but only one combination. 

81. K there be n things, a, &, c, d, &c., then, by taking 
them one by one, the number of permutations formed will 
be n. By placing a before each of the other (n — 1) things, 
there will be (n — 1) permutations with a standing first; 
also in like manner (n — 1) with b standing first; and so on 
for the whole n quantities. Hence there are 

n(n — 1) permutations taken two together. 

Suppose a to be removed, there are (n — 1) things re- 
maining, and of these there are 

(n — 1) (n — 2) permutations taken two together. 

By prefixing a to each of these, there will be 

(n — 1) (n — 2) permutations of three with a standing first; 
and similarly (n — 1) (n — 2) with b standing first; and so 
on for each of the n quantities. There are therefore 

n(n — 1) (n — 2) permutations taken three together. 

Collecting these results, and taking P^, Pg, P^, . , . P^, 
to denote the numbers of permutations of n things taken 
1, 2, 3, . . . r, together respectively, we get 

p, = « 

Pj = n(n — 1) 

P, = «(n — 1) (n - 2). 

Similarly, it might be shown that 

P^ = n(n— 1) (n— 2) (n — 3) 
P5=n(n — l){n — 2)(n — 3)(n — 4); 
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and hence we may infer, that generaDy 

Pr =n(n — l)(n — 2)(n — 3) . . (n — r+1). 

82. Assuming that this law holds trae when (r — 1) 
things are taken together, then 

Pr-i=n(n — l)(n — 2) ...(n — r + 2); 

but if one of the things, viz. a, be omitted, it must be equally 
true that the number of permutations of the remaining (n — 1) 
things taken (r — 1) together, is 

(n — l)(n — 2)(n — 3) . . . in — r+ 1) 

found by putting (n — 1) forn in the preceding eqnadon. 

Now, by prefixing a to each of these last permutations, 
their number would remain the same, but there would be r 
taken together instead of r — 1. 

In like manner it may be shown that the same number of 
permutations may be formed of these n things taken r to- 
gether, in which b stands first, and so on for each of the 
others. If therefore 

Pr-i =n(n— l)(n — 2) . . • . (n — r + 2), 

it follows that 

Pr = n(n— l)(n — 2)(n — 3) . . . (n — r+1). 

That is, if the assumed law be true for any one value of 
r, it must be true for the next higher yalue. But it has 
been proved to hold true when r = 2, and r = 3 ; therefore 
it is true when r = 4, and if true for 4, then abo for 5 ; and 
so on for any number. 

If r = n, the last factor in the above formula becomes 1, 
therefore denoting the number of permutations of n things 
taken altogether by Fn, we have 

P„ = n(n — 1) (n — 2) ..3.2.1, 
or =1.2.3.4 n. 

EXERCISES. 

(1.) Find the number of permutations of 8 things taken 
2 together, 3 together, 4 together, and all together. 

Ans. 56, 336, 1680, and 40320. 

(2.) In how many difierent ways may a party of 12 be 
arranged at table? Ans. 479001600. 
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(3.) The number of permutations of n things, taken 4 to- 
gether = 8 times the number taken 3 together ; find n. 

Ans. 11. 

(4.) In how many ways may a class of 9 boys be ar- 
ranged? , Ans. 362880. 

(5.) In the permutations formed out of the eight letters a, 
b, c, d, e, /, g, h, taken altogether, how many begin with ab ? 
how many with abc ? and how many with abed ? 

Ans. 720, 120, and 24. 

(6.) The number of permutations of 18 things taken r 
together = 12 times the number taken r — 1 together ; 
find r. Ans. r = 7. 

(7.) In how many ways can 8 persons be seated at a 
round table, so that all shall not have the same neighbours 
twice? Ans. 2520. 

(8.) Find the number of changes which can be rung with 
a peal of 7 bells, and what difference will be made in the 
number by the absence of one ringer? Ans. 5040, & 4320. 



83. Again, let C,, Cj,, C, . . . Cr, denote the number of 
combinations of n things taken 1 by 1, 2 by 2, 3 by 3 . . . 
r by r together ; 

then it is eyident that C^ = n. 

And since each combination of 2 things, as a6, admits of 2 
permutations, ab, and ba, it follows that 

But (§81.) Pj, =n(n — 1). 

r ^ "(" — ^) 
• • ^« — 1.2- 

Similarly, since each combination of 3 things admits of 
3.2.1 permutations, 

•p 



' "■ 1 . 2 . 3" 

But (§81.) Pg =n(n — 1) (n — 2). 
• • ^» — 1.2.3 • 

And, generally, since each combination of r things admits 
of 1 . 2 , 3 . . . r permutations, 
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Bnt(§81.)Pr = K'— l}(n-2) • ■ - (n-r+1). 

■• ^- 1.8.3 r • 

84. On examining this last formula, it will be observed 
that the number of factors is the same in the numerator and 
denominator of the second member, and in both is always 
= r, the Dumber of things taken together. 

85. Also, since of n things if r be taken, there will be 
n — r remaining ; for every combination of r things, there 
will always be another of n — r things remaining ; hence 

Cr = C„-r. 
EXKBCISES. 

(1.) Find the number of combinations of 12 things taken 
2 together, 3 together, and 6 together. 

Ans. 66, 220, and 924. 

(2.) Find the number of combinations of 20 things taken 
18 together. Ans. 190. 

(3.) Find the number of combinations of 50 things taken 
4 together, 10 together, 40 together, and 46 together. 

Ans. 230300, and 10272278170. 

(4.) How many different hands may a person hold at the 
game of whist? Ans. 6350135S9600. 

(5.) How many combinations may be formed of the let- 
ters in the word " Equations " taken 5 together ? and in how 
many of them will the first letter E occur? 

Ans. 126, and 70. 

(6.) From a company of 30 soldiers, 5 are selected every 
day to act as sentinels; on how many days may a different 
selection be made? and on bow many of these will any par- 
ticular man be on duty? Ans. 142506 days, and 23751, 

(7.) An mnkeeper engaged to provide a dinner every day 
for 6 persons, to be selected out of a party of 12, so long as 
the same S should not meet twice; what would be the 
amount of his bill at half-a-crown each per day? 

Ans. £693. 

(8.) How many different sums may be fonned with a 

•(overeign, x half-sovereign, a crown, a half-crown, a shilling, 

<xpcuce, and a penny ? Ans. 127. 
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(9.) Find how many triangles may be fonned by joining 
the angular points of a polygon of n sides. 

Ans. in{n — 1) (n — 2). 

(10.) Expand 2* in the form (1 + 1)», and thence prove 
that the total number of combinations of n things taken 
1, 2, 3 ... n together = 2»» — 1. 

(11.) The total number of combinations of 2 n things = 
33 times the total number of combinations of n things; 
find n. Ans. n^^d, 

(12.) Out of a committee of 12, how many sub-committees 
may be formed, each consisting of not more than 8 ? 

Ans. 3796. 

(13.) Let P denote the number of permutations of n things 
taken all together, when some of them recur, and prove 
that if a recur r times ; h, s times ; c, t times, &c. 

1.2.3 



P = 



• « • 



(14.) Find the number of permutations that can be formed 
from the letters of each of the following words taken all to- 
gether: — Algebra, Permutations, Combinations, Susannah, 
Philippopolis, and Mississippi. Ans. 2520 ; 239500800 ; 
119750400; 5040; 10810800; and 34650. 



CHAPTER XI. 

INDETERMINATE COEFFICIENTS. 

86. The general principle of the method of Indeterminate 
Coefficients consists in assuming certain letters to express 
the unknown coefficients in an expression for some required 
quantity, the general form of which expression is known ; 
then, according to the nature of the investigation, two ex- 
pressions of the same form are found, which are rendered 
identical by making the coefficients of the corresponding 
.terms equal ; and by means of the series of equations thus 
obtained the values of the assumed coefficients are deter- 
mined. 
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87. That an equation cannot be identical^ that is, true for 
all values whatever of the unknown quantity, unless the co- 
efficients of the like powers are equal, may be thus shown : 

Let A+Bx+Cx^ + J &c. =ia+ hx + ca:« + ,&c., be an 
identical equation ; then, by transposition, 

(B — b)x+ (C — c)x^ + y &c. = o — A. 

And since both a and A are constant quantities, a — A must 
be a constant quantity also. But unless the coefficients of 
a?, x^j &c. be each = 0, the left-hand member would have 
different values, according to the value assigned to x, and 
consequently the right-hand member would have different 
values also, which is impossible. Therefore, B — 6 = 0, or 
B = 6. C — c = 0, or C = c, &c. &c. 

Example 1. Let it be required to divide l+a;by 1 — 2x 
by this method. A little consideration will show that tlie 
quotient will consist of ascending powers of x, with certain 
coefficients unknown ; or this may be ascertained by finding 
a few terms of the quotient by actual division. Assuming, 
therefore, 

^1^ = A + BiT + Ca;2 + Da;5 +, &c. ; we get 



by multiplication, 1 + a? = A + B 

— 2A 



x+C 
— 2B 



x^ + Bx^ + ,&c. 
— 2C — , &c.. 



an equation which must be identical ; and therefore, 

A = l, B — 2A:^1, C — 2B=:0, D — 2C = 0,&c.; 
therefore, B = 3, C = 6, D ss 12, &c. 

Hence, by substitution, 

j^^2''^ = l + 3a; + 6a;2 + 12a:o+ . . . ^'^''-^x^K 

Example 2. Let it be required to find the sum of n terms 
of the series 1« + 2*^ + 3« + 4« +, &c., to n«. 

Since the sum is evidently less than 

n* + n* + w® +) &c., to n terms, or than n^, 

in expressing this sum in terms of n with unknown coef- 
ficients, we need not use any higher power than the third. 
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We shall have therefore, 

1« + 2« + . . . n« = An' + Bn« + Cn. 

Changing n into (n + 1), 

12+2«+...n« + (n+l)2=A(n+l)»+B(n+l)2 + C(n+l), 

and by subtraction, 

(n + 1)« = A(3n« + 3» + 1) + B(2n + 1) + C. 

Hence, by equalizing the coefficients of like powers of n, 
we get A = J ; B = i; and C = J ; 

.-. by substitution, 1 « + 2« . . . n« = Jn^ + in« + J«, 

:=in{n + l){2n + l). 

Note. If we assume powers of n higher than the third, the co^ 
efficients of those powers will be found each s 0. 

Example 3. Lastly, let it be required to extract the square 
root of 1 + a;. 

Assume (1 + a;)* = A + Ba: + Cz^ + ^x^ +, &c. ; 
then, by squaring. 



1 + ir = A« + AB 
+ AB 



ir + AC «« + AD x^ +,&c. 
+ B« +BC +,&c. 
+ AC -l-BC +,&c. 
+ AD +,&c. 

And by putting the coefficients of like powers equal as 
before, we get 

A = ±l, B = ±l C= + ^, D = ±/--^^^,&c. 
Hence (1 + a?)* = ± 1 ± ^a; ip ^^x^ ± ^ ^~~x^ ip, &c. 

EXERCISES. 

Find by this method the series equivalent to each of the 
following fractions : 

(1.) r-^ Ans. l + x+x^+x^ + ,Scc. 

(2.) 1-^- l—x+x»—x^+,&c. 
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(3.);rzr,- AiiB.i + ^ + 5 + 5+,&. 

SttiD each of the following series to n tenns : 

(5.) 1 + 2 + 3 +, &c. . . Ans. in{n + 1). 

(6.) 1« + 3« + 5« +, &c. . . J(2fi — l)2fi(2» + 1). 

(7.) 1» + 3» + 5» +, &C . . 2n*-««=:fi«(2»«— 1). 

(8.) L2 + 2.3 + 3^ +, &c . . ^{n + 1) (n + 2). 

(9.) 1.2.3 + 2.3.4 + 3.4.5 +, &c. in(n+l){fi+2){n+3). 
(10.) 2» + 4» + 6» +, &c. . . 2n«(n + 1)«. 
(U.) l«.2«+2«.3« + 3«.4« + ,&c. ln«+n*+|n'+»«+i*jn. 

(12.) Prove that (1 + 2 + 3 + n)« = (1« — 2« + 

3«— . . . lfcn«)« = l»+2« + 3'+ . . . n». 

IUe»oIve each of the following quantities into its component 
factors of the first degree : 

(13.) 6«« + 7« — 20. . . . Ans. {3z — 4) {2x + 5). 

(14,) 8^* — 6a? — 50 (a? — 5) (3jr + 10). 

(15.) ir«— 4a? + 4. (z — l){z—S). 

(16.) 6;r» — 6ar« + a?. x{2x — 1) (3ar — 1). 

Decompose each of the following fractions into its com- 
ponent partial fractions : 

(n \ ''^^ '^ Ans -^- — - 

l^°V a?»— « — 6 «4-2' * — 3' 

MftN ^* g^ _i L_ 

\^^') (J*_l)» (2x— l)»»(2a:— l)2'2x— 1' 

2:r* — 6 2 1 1 

(20.) -, ^ fx^'^Tx x' jT^^' ^r+^- 

/21 ) !f^!^^''i f:±^, and ^. 
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Ans. 

V^^--' (x — 1) {%x — 1) (ar — !)• • x^ V 2x-r ® 3a:—r 

Expand each of the following quantities into a series : 
(24.) [a^x)^. Ans.±ai(l-i.^-J-^.^-^l^.J-,&c.) 

(25.) (1 + ^^)'. . l + ^x^-^^x^+ 

(26.) (a+a:)*. . . a\l+^- ^£^, ^ f^^-^^) 



CHAPTER XII. 

SUMMATION OF SERIES, AND PILING 

OF BALLS. 

88. When an infinite series is such, that if the sum of a 
large number of terms be taken as the sum of the whole, 
the error admits of being made less than any quantity that 
can be assigned, however small, that series is said to be 
convergent; all others are divergent. Thus the series 
i + ^ + J +, &c. is convergent, 

but 1 + 2 + 4 + 8+, &c. is divergent. 

Ex. 1. Let it be required to find the sum of the infinite 
series, 

* + -i- + -^ + -i- + &c 



1.2.3 ' 2.3.4 ^ 3.4.5 ^ 4.5.6 

Assume A = jig+2~+g-^+,&c. . . (1.) 

then, by transposition, A — J = 3-3+ 3-4+ > &c. (2.) 

2 2 

by subtracting (2.) from (L), J = 1.2.3 + 27374"^ ' *^* 

and dividing by 2, i = ^-^-^+^-1-^+, &c. 



*^ — ^. 



1:10 r.». 

Ti ind :iu* sun ii % *Er3ia it :ii£ 

^ ^ ^ *.J 1-A^ • 

ami ^nhnaeriii^ 

tranA^Qmn^ and fivuiing^ by i 

♦ 2r*^:, .-i-rr,~i.i.3 • 2.3.*"^ •-•"*^«(*ri^ »4.t)- 

It win be ohserv<>d diat bi dii» ease die jooes tn wMdk A 
m a.'iffiimed eqnai reqnirfs i» be eazried oni •>!« 
the ;idu and the rest of rfae work is neariv die 
fore ; if » be taken in&iire in the resiiir* die sum ^ \. 

£x. %. Let It be leqnired to sob ^ inimf te 



«- 




I 


«'^-, 




»-l .»-i'' 


p 




* 


... -^ 


■»•^- 




3 




I 



— + — + — 



A = J^+T^ + i^+rfa.....(l.) 






^ 4.« ^ «-» ^ 8.10 ^»"** 

Bot the iimi oC tlus last aeries Ibiiiiil as in Ex. L = I, 
/. tranqmmvg, A — | =ji^+^+g^+,&L ...(2.) 
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.ubtn«=ting(«)from(l), | = _l_+_^+ _|?_ + , &c. 

and dividing by 4. ^, = ^-|-^+^+_^+, &C. 
In a similar manner the sum of n terms may be found. 

Find the sum of n terms, and of an infinite number of 
terms of each of the following series : 

(^•) I7273+2737i+'*^" *~=i— 2(n+l)(n+2)' *« = i 
^^•) 17273+27374 + '*^" • *" = ^""(»+l)(n+2)' *«> = 5' 

(^•) 1717374 + 2.3.4.5 +' *^" 

_ 1 1 _ . 

*n' — IT 3(n+l) (n+2) (n+3) ' *«p — tt• 
(^•) 2^ + iTs + 6Tio + ' *^' 



2n+3 , 



«n — iir 8(«+l) (n+2) ' *• "" T'"f ' 

^^•^ 376~'67b + 97i0""l27l2 +' *^* 

** ~ ^ — 12(«+1) (n+2) 5 *co=yV 

(^•)r73-375 + 5^~*^- ' 

'*= i ^ 4(2/1+1) ' *« = i' 

(8.) Since 15 = 1, 2» = 3 + 5, 3' = 7 + 9 + ll, 4« = 13 
+ 15 + 17 + 19, &c., write down n^ according to the same 
law, and verify the result. 

Ans. n»=(n«— n+l)+(n«-— n+3).. +(n«+n— l)=n». 

89. When cannon balls are piled in the form of a pyra- 
mid, the base may be either a square or an equilateral 
triangle. In the former case, if n denote the number of balls 
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in one side of the base, the numbers in the snocessiye 
layers will be 

n«, (n — 1)«, (n — 2)«, &c. 

terminating in a single ball at the top. 

.'. total number of balls = l« + 2« + 3«+ . . . n«, 
or (§ 87. Exam. 2.) = Jn (n+ 1) (2»+ 1). 

90. If the base be an equilateral triangle, and if n denote 
the number of balls in one of its sides, the number in the 
bottom layer will be 

1 + 2 + 3+ . . . + n = in(n+l) . . . (Exer. 5., p. 80.) 

By taking n successively equal to 1, 2, 3, &c., in the ex- 
pression jn (n + 1), we find the number of balls in the 
several layers, commencing at the top, to be 

1.2 2.3 3^ n 
2 ' 2 ' 2 ' **• 

.-. total number of balls = ^{1. 2 + 2. 3 +3. 4+ . . n{n+)}, 
or (Exer. 8. p. 80.) = in{n+ 1) (n+2). 

91. In addition to these two kinds of piles, another is 
sometimes used, in which the base is a rectangle with un- 
equal sides. In this case the pile will terminate in a single 
row, containing one ball more than the difference of the num- 
bers in the greater and less sides of the base. Hence, if d 
denote this difference, the numbers in the several layers 
will be 

d + lj 2{d+2), 3(6?+3),&c., and in general n(6?+n). 

.-. total number of balls = (d-\-l)+2{d+2)+ . . .n(d+n) 

— 1« + 2« + 3« + ...n« 
+ <?(1 + 2 + 3 + . . . «). 

(§ 87. Exam. 2.) = in(n+l) (2n+l) 
and (Ex. 7. p. 68.) + idn{n+ 1) 

= Jn(n+l)(2n + l + 3(f). 

EXEBCISES. 

(1.) Find the number of balls in a square pile, the num- 
ber in one side of the base being 60« Ans. 73810. 
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(2.) Find the number in a triangular pile, with 60 in one 
side of the base. Ans. 37820. 

(3.) Find the number in a rectangular pile, the numbers 
in the greater and less sides of the base being 70 and 50 
respectiyely, Ans. 68425. 

(4.) Find the numbers in two incomplete piles, the one 
square and the other triangular ; each having 20 layers, and 
20 balls in the side of the uppermost layer. 

Ans. 18070, and 9330. 

(5.) Find the number in an incomplete rectangular pile of 
20 layers, having 20 balls in the less side, and 30 in the 
greater of the uppermost layer. Ans. 23970. 



CHAPTER XIII. 



MISCELLANEOUS EXERCISES. 

(1.) If A and B can perform a piece of work in c days; 
A and C in 6 days ; and B and C in a days ; in how many 
days will each alone perform it? ^nd how long will they 
take all working together? 

Ans. 



_. & _. ^ 

(2.) Find the time between 4 and 5 o'clock, when the 
hour and minute hands of a watch are exactly together. 

Ans. 21x\ minutes past 4. 

(3.) Find the time after h o'clock, when the hour and 
minute hands are distant m of the minute divisions from each 
other. Ans. {i(5h it «*). 

(4.) Divide a into three parts, such that if the first be 
divided by m, the second by n, and the third by p, the quo* 
tients shall be all equal 

tna na •■ pa 



Ans. — ; — r-i —, — r— ; and 



ni+w + p' «i + n+p' fn-^ii'^p* 
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(5.) A and B set out at the same time from two places 
333 miles distant, intending to meet on the road ; A travels 
at the rate of 7 miles in 2 hours, and B 8 miles in 3 hours : 
in what time will they meet, and how far will each then 
have travelled ? 

Ans. 54 hours ; A 189 miles, and B 144 miles. 

(6.) A allows B a start of 2 hours, and then sets out in 
pursuit of him. B travels uniformly at a certain rate ; hut 
after A has travelled 3 hours, he discovers that B is travel- 
ling 2^ miles per hour faster than himself; A therefore now 
douhles his speed, and overtakes B in 4 hours more : find 
their rates of travelling, and the distance travelled. 

Ans. A's rate at first 11^ miles per hour; B's, 13f ; and 
the distance 123| miles. 

(7.) A hare is 50 of its own leaps hefore a greyhound, 
and takes 3 leaps for every 2 of the greyhound ; hut the lat- 
ter passes over as much ground in 1 leap as the former in 
2 : how many leaps will each take before the hare is caught? 

Ans. The greyhound 100, and the hare 150. 

(8.) Bought m + n sheep at s shillings per head ; sold m 
of them at a profit of 10 per cent., and the rest n at a profit 
of 20 per cent. : how much is gained on the whole, and how 
much per cent ? 

Ans. jT(m+2n) shillings; and 10 ^ j. " per cent 

(9.) Find a number consisting of two places of figures 
which is equal to 4 times the sum of its digits ; but if 6 be 
added to it, it will then be equal to 7 times the unit figure. 

Ans. 36. 

(10.) A person has two casks, each containing a certain 
quantity of liquid ; he pours from the first into the second as 
much as the second contained at first ; then from the second 
into the first as much as was left in the first ; and, lastly, 
from the first into the second as much as was left in the 
second; there are now exactly 24 gallons in each: how 
much did each contain at first ? 

Ans. 83 gallons, and 15. 

(11.) Find two numbers in the ratio of m to n, whose dif-^ 
ference is equal to their product. Ans, "^ , and -^^*. 
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(12.) The difference of two numbers is - of their sum, and - 

of their product; what are the numbers? 

Ans. 7, and — -~^ 

m — 1 m + 1. 

(13.) From a cask of wine containing a gallons, b gallons 
are drawn off, and the cask filled up with water ; find how 
mu^li wine remains in the cask after this has been repeated 

n times. Ans. '^"~ , . 

an— 1 

(14.) The number of permutations of n things taken r to- 
gether = 5 times the number taken (r — 1) together; and 
the number of combinations taken r together = the number 
taken (r — 1) together ; find n and r. 

Ans. n z: 9 ; and r =2 5. 

(15.) Expand (a' — «')' into a series, both by the bi- 
nomial theorem and by the method of indeterminate coeffi- 

cicnts. Ans. «(! - 3^ - 3;^^ - 3-^^^. -, &c.) 

(16.) Find the sum of n terms, and of an infinite number 
of terms of the series : — 

4 6__ 8 _ n 

1.2.3 2.3.4 ■*■ 3.4.5 ' ^' 

Ans. 5n = ^± („^^)\^^,) ; 5^= i- 

1.5 3.7 + 5.9 7.11 +'®^- 

Ans. «« = i±2(2«+i) (2/1 + 3)5 *« = ** 

(17.) Find two numbers whose product = 45 ; and the 
difference of their squares : the square of their difference : : 
7 : 2. Ans. 9, and 5. 

(18.) Prove the rules for Addition and Subtraction. (See 
§ 14., 15., 16., and 17.) 

(19.) Prove that in Multiplication and Division like signs 
give +, and unlike signs give — . (§ 18.) 

(20.) Prove the rule for finding the greatest common 
measure of two quantities. (§ 30.) 
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(21.) Prove the rule for the transposition of terms in 
equations. (§ 40.) 

(22.) Prove the rules for the extraction of the square and 
cube roots. (§ 46. and 47.) 

(23.) Find the interest of P pounds for d days, at r per 

^«°*- ^«- 36500 = TSOOO^*-- 

(24.) One merchant owes another A pounds due in a days, 
B pounds due in b days, C pounds due in c days, &c. ; find 

the equated time of payment. Ans. jA^- ^ t q . ' ^' ^ 

(25.) Divide the number n into parts proportional to the 
numbers a, b, c, &c. 

Ans. 1st part = ^ , ."** ^ , , 2d = ^ , ", ^ , &c. 

(26.) A number of merchants, M, N, P, &c., enter into 
partnership ; M puts in A pounds for a days, N puts in B 
pounds for b days, P puts in C pounds for c days, &c. ; ^;hey 
gain g pounds : what is the share of each ? 

Ans. M's share = ^,^^f^%^^ ^,., N's = j.^^JX-^Ac^ ' 

(27.) Find A, the amount of P pounds for n years, at r 
per cent, compound interest ; denoting by a the amount of 
£1 for 1 year, at the same rate. Ans. A = Pa*. 

(28.) Find P, the present worth of A pounds due n years 
hence, at r per cent, compound interest. 

Ans. P = Aa^-■^ 

(29.) In an equation of the form ant ^=b] suppose that 
when any number n is substituted for x, the result is an = c ; 
prove that c:n : : bist, and thence derive the common rule 
for single position. 

(30.) In an equation of the form cue + b ^= ex + d, or 
(a — c)x + h — (i = ; suppose that when any two num- 
bers m and n are substituted successively for a?, the results 
are respectively 



3Ii 
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{a — c)t» + b — d = e^, 
and (a — c)n + b — rf = e^ ; 
prove that e^ — Cg : m — n : : c^ : m — x. 
Also, «i — Bg : m — n: : e^ : n — x 

and £ = ^i^Lnfi^. thence derive two rule's 

for doable position. 

(31.) Find A, the amount of an annuity of P pounds for 
n years, at r per cent, compound interest; denoting by a^ the 
amount of £1 for 1 year, at the same rate. 

SI. 1 

iAns. A = P(l+ai+ai«+ ...ai"-^) = P''j-""t 

a, — X 

(32.) If A denote the amount of an annuity of P pounds 
for n years, at r per cent, compound interest, and a the 
amount of £l for one year, at the same rate ; prove that the 

present value = — = ""* , P. 

(33.) If the annuity is to continue for ever, prove that its 

P 

present value = ——-j ; or r : P : : 100 : present value. 

(34.) Apply the binomial theorem to obtain the 5th root 

^^ i9oSsv ^^ ^^ places of decimals. 

Ans. 999, 996, 000, 047, 999, 296, Oil. 

(35.) The perimeter of a right angled triangle is 24 feet, 
and the base is 8 feet ; find the other two sides. 

Ans. 6, and 10. 

(36.^ A besieged place, garrisoned by 10,000 men, was 
victualled for 27 days ; but ^ter 9 days 2500 men cut their 
way out : how long would the provisions last the survivors, 
supposing the daily rations to remain undiminished ? 

Ans. 24 days. 

(37.) Prove that every fraction may be expressed either 
as a decimal with a finite number of places, or else as a re- 
curring decimal. 

(38.) Given | + ^^ — ^^~^ = 8, to find x. 

Ans. X = 28J^ 
o 



90 MISCELLAKEOUS EXERCISES. 

ft 

(39.) Given 3«+ 5y = 171, 7z + 2z=: 209, and 7^+2;? 
= 90 ; to find x, y, and z. 

Ana. a? = 82, y = 15, and z zn — 7.5. 

(40.) Two gunners keep up a fire on a battery fi*om two 
different guns ; the first, who had spent 24 shots before the 
second opened fire, discharges 8 shots to 7 of those of his 
comrade, but uses in 4 rounds only the same quantity of 
powder as the other in 3 ; how many shots must the second 
fire before he has consumed as much powder as the first ? 

Ans. 126. 

(41.) It is required to cut a piece equal to a solid foot 
from a plank 2^ inches thick and 8 inches wide. 

Ans. Length = 86*4 inches. 

(42.) I make a journey of 3040 miles on horseback, on 
foot, and by water ; 3J times as much is performed on land 
as by water, and 2^ times as much on horseback as on foot. 
How far did I travel on foot ? Ans. 675$ miles. 

(43.) Given 3ar + 2^^ = 118 ; x + 5y = 191 ; to find x 
and y. Ans. « = 16, y = 35. 

(44.) Given 3^(112 — 8a;) = 19 + >J{Sx+ 7) ; to find a:. 

Ans. ar = 6, and 11-8368. 

(45.) Given ay = 8 ; (3— y)a; = 12 ; (2— a;) (4— a?) = 4 ; 
to find X, y, and z. Ans. a; = 1 .6, y = 5, z=z — 6. 

(46.) The fore-wheel of a carriage makes six revolutions 
more than the hind-wheel in going 120 yards ; but if the 
circumference of each wheel be increased 1 yard, the fore- 
wheel will make only 4 revolutions more than the hind- 
wheel in the same distance : required the circumference of 
each wheel. Ans. 4, and 5 yards. 

(47.) If a cubic foot of metal weighs 4 cwts. 1 qr., and is 
worth ten guineas per ton • what will be the cost of a mile 
of piping made out of it with a 9-inch bore and | of an inch 
thick ? Ans. £903, lis. lOid. 

(48.) How many cubic feet of water are contained in a 
ditch shaped like the frustum of a wedge, 120 yards long, 
6 feet deep, 10 yards broad at the top and 4 at the bottom. 

Ans. 45360 cubic feet. 

(49.) Three men set out at the same time fi*om three sta- 
tions in the same straight line, each distant 25 miles from 
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the next. Thej travel in straight lines at the rates of 2|, 
3, and 3^ miles respectively per hour, and ail arrive at the 
same time at the same point. How f^^r has each travelled ? 

Ans. 125, 150, and 175 miles. 

(50.) Two trains set out at the same time, one from Lon- 
don to Plymouth, and- the other from Plymouth to London. 
The latter travelled 2 miles an hour faster than the former 
from Plymouth to Exeter, and 4 miles an hour faster from 
Exeter to Bristol. They arrived at the same instant at 
Bristol. At what rate did each travel ; the distance from 
London to Bristol being 118 miles, from Bristol to Exeter 
75 miles, and from Exeter to Plymouth 53 miles ? 

Ans. Train from London 37*1 miles per hour nearly. 



THE END. 
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